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1 Introduction

Cat-groups first appeared in Mathematical literature in the early seventies. They came
out from the independent works of P. Deligne [5] in Algebraic Geometry and A. Frohlich
and C. T. C. Wall [6] in Ring Theory. The latter two used cat-groups in order to study,
for a given Dedekind domain, the cohomology of the group of fractional ideals.

The idea of a cat-group is, quite explicitly, to mix the concept of a category and a group.
To define it precisely, we will need to introduce monoidal categories, which will be our
interest in Chapter 2. There, it will be explained that a monoidal category is a category
equipped with a ‘weak’ structure of monoid on its objects. That is, for each pair of objects
X and Y, their product X ® Y is a new object of the category. This product has to satisfy
the well-known axioms of monoids, but only up to isomorphisms. For example, we will
have (X ®Y)®Z ~ X® (Y ® Z) for all objects X, Y, Z. Moreover, these isomorphisms will
be asked to satisfy coherence axioms, like the ‘Pentagon Axiom’ or the ‘ITriangle Axiom’.
Hence, in Chapter 2, we will study monoidal categories and the suitable functors between
them: monoidal functors.

After this introduction to monoidal categories, we will be able to define cat-groups.
Briefly, a cat-group is a monoidal category where all morphisms and objects are invert-
ible. Thus, they have a ‘weak’ group structure on their object class. Therefore, monoidal
categories are analogous to monoids in the same way that cat-groups are analogous to
groups.

Monoids . Groups

Monoidal Categories : Cat-Groups

In Chapter 3, we will prove basic properties of cat-groups and cat-group functors, which
are the suitable functors between them. In view of our analogy described above, we could
also think of cat-group functors as we think of group homomorphisms.

Monoid Homomorphisms : Group Homomorphisms

|
Monoidal Functors i Cat-Group Functors

After these Chapters 2 and 3, since a small cat-group G is a category with a ‘weak’
group structure on its objects, it will make sense to introduce the group IIp(G) of classes
of isomorphic objects. Moreover, since all arrows are invertible, we will also define
I1,(G) = G(I, 1) as the abelian group of endomorphisms of the unit object I. This group will
be endued with an action of IT(G). Finally, we will see that the associativity isomorphisms
axyz: (X®Y)®Z—">X® (Y ®Z) induce another invariant: a € H>(I1(G),111(G))
in the third cohomology group. It will be called the Postnikov invariant of G. The main
aim of this essay will be to present, in Chapter 5, a proof of H. X. Sinh’s Theorem, which
states that we only need to know the triple (IIp(G), I1;(G), a) to reconstruct, up to cat-group
equivalence, the cat-group G. This is the classification of cat-groups.

As an important corollary of this classification, we will prove that the 2-category of
small cat-groups is biequivalent to the 2-category whose objects are triples (G, A, a) where
G is a group, A is a G-module and a € Z3(G, A) is a 3-cocycle. Since there are several



1. Introduction

definitions of biequivalence for 2-categories in Mathematical literature, we will fix the one
we will work with in Chapter 4. We will want such a definition of biequivalence to admit
a characterisation as we have for equivalences in categories (i.e. an equivalence is a fully
faithful and essentially surjective functor). Furthermore, so as to be coherent with its name,
we will also require it to be an actual equivalence relation on 2-categories. This implies
that we will have to introduce a definition of biequivalence in terms of pseudo-2-functors,
pseudo-2-natural transformations and pseudo-modifications.

Note that we will assume the axiom of choice in this essay, as usual in Category Theory.



2 Monoidal Categories

If A and B are two abelian groups, we can construct their tensor product A ® B. This
induces a binary operation on objects of Ab, the category of abelian groups. Moreover, up
to isomorphisms, this tensor product gives to Ab a ‘weak’ structure of monoid. Indeed, it
is wrong to write A® (B®C) = (A® B)®C, but we have associativity up to isomorphisms,
A®(B®(C) ~ (A®B)®C, and, also up to isomorphisms, Z satisfies the axioms of identity.

The aim of this chapter is to generalise this example and give a rigorous definition of
such ‘monoidal categories’. We are also going to study the suitable functors between them.

Monoidal categories were introduced by J. Bénabou in [2] in 1963 while S. Mac Lane
stated the coherence axioms (see definition 2.1) for the first time also in 1963 in [11].
G. M. Kelly and S. Eilenberg also studied monoidal categories in [9]. For recent books
dealing with this subject, we refer the reader to Chapter 6 of [4] (Borceux), Chapter 11 of
[8] (Kassel) or Chapter 7 of [10] (Mac Lane).

2.1 Definition and Examples
Definition 2.1. A monoidal category (C,®,I,l,r, a) is the data of
e a category C,
e a functor ® : C x C — C,
e an object I € ob(,
e three families of natural isomorphisms
I={lx: I®X —>X }xeobc
r={rx: X®I—=X }xecopc
a={axyz: (X®Y)®Z——=X® (Y ®Z)}xyzeobc
satisfying the following coherence axioms:

e Pentagon Axiom : For all XY, Z W € obC(C,

ax,y,zew oxey,zw = (1x @ ay,zw) axyezw (axy,z @ lw),

(X®Y)oZ)oW

ax,y,z®lwy AXRY,Z,W

XeoYeZz)eW O (X@Y)((ZoW)
aX,Y@Z,W\L iax,y,m@w

Xe(Y®Z) W) XeY®(ZaW))

1x®ay,zw



2. Monoidal Categories

e Triangle Axiom : For all X,Y € ob(C, (1x ®ly) ax 1y =7x @ ly.

ax.1y

(XY X(IeY)
O
rx®ly 1x®ly
XY

Remark that the naturality of families [, and a means that the following diagrams
commute for all suitable f, f1, fa, f3 € morC:

[oX 2o X X0l X (X190X)®X; 2% v @ (Xe® Xs)
11®fl o if f®1fl o lf (f1®f2)®f3i O lf1®(f2®f3)
[@Y ==Y Yol—Y  1eY:)eYs Vi ® (Yo ® Y3)

ayy,Ys,Y3

Remark also that the functoriality of ® means that the following diagrams commute for
all X,Y € obC and for all suitable f, f’,g,¢" € morC:

lxgy

X0V 0 X®Y XX 9f®g'f 707

1x®1ly o
fef 9®g’

Y®Y’

Remark 2.2. By abuse of notation, we will often write C to mean the monoidal category

C,®,1,l,r, a).
We are now going to give a few examples of monoidal categories.

Example 2.3. If Ab is the category of abelian groups and ® their usual tensor product,
then (Ab, ®,Z,1,r,a) is a monoidal category where [, and a are the obvious isomorphisms.

Example 2.4. More generally, if R is a commutative ring, R-Mod the category of
R-modules and ® their usual tensor product, then, (R-Mod, ®, R,l,r,a) is a monoidal
category where [, r and a are the obvious isomorphisms. Note that Ab = Z-Mod.

Let us fix here some notations: If C and D are any categories, we write [C, D] for the
category of functors F' : C — D and natural transformations. Moreover, if in the following

diagram,
F G
e ooz
Fl Gl

C,D, & are categories, F, F',G,G" are functors and «, 3 are natural transformations, we
define a new natural transformation S x«a : GF = G'F’ by

(Bxa)x = BrxGax) = G'(ax)Brx
for all X € obC(C.

Example 2.5. If C is any category, then (|C,C],0,1¢,1,1,1) is a monoidal category where
o is the composition of functors and a ® 8 = a * 5.

10



2.2. Basic Properties

Example 2.6. If C is a category with finite products, then (C, x,1,1,r,a) is a monoidal
category where 1 is the terminal object and [, r and a are defined by the universal property
of the product. Note that this construction use the axiom of choice to select, for all
X,Y €0b(, aproduct X x Y among all isomorphic possibilities.

And here is our last example.

Example 2.7. Let A I B be a morphism of abelian groups. Then, we define Coker f
to be the category with elements of B as objects and Cokerf(b,b') = {a € A | f(a) =V —b}
with composition being the addition in A. Let b@b’ = b+¥ for all b, b € B and a®ad’ = a+a’
for all a,a’ € A. We have just construct the monoidal category (Coker f, ®,05,04,04,04).
We will see in Chapter 5 (example 5.9) why this is denoted Cokerf.

2.2 Basic Properties

As written in the title, we are going to prove in this section the first properties of monoidal
categories.

Lemma 2.8. If f and g are isomorphisms in a monoidal category, then f ® g is also a
isomorphism and (f®g) ' = f1®g L

Proof. Straightforward consequence of the functoriality of ®.
O

We present in the next lemma a useful equivalence between a monoidal category and
itself.

Lemma 2.9. Let C be a monoidal category. We define two functors

I—-—: C— C -®I1I: C— C
X— I®X and X—X®I
f—= 1ef f—= f®l15.

I®—
They form an equivalence C <:>I C . In particular, both functors are faithful.
—®

Proof. They are functors since ® is also a functor. We have to find two natural iso-
morphisms a : (—®[)o(I®@—-)=—=1c and f: J®—)o(—®I)=—=1¢. For all
X € obC, we define ax = rx(Ix ® 17) and fx = Ix(1; ® rx). They are isomorphisms

by lemma 2.8. It remains to show their naturality. We will do it for «; 3 is similar. Let

X N Y be a morphism in C. We can compute

ay (@ f)@l)=ry (ly®l) (11 @ f)®1)
=1y (f®1]) (lx®1[)
=frx (Ix®1p)

:faXa

which proves the naturality of a.

11



2. Monoidal Categories

The following lemma will be used to make computations easier. We will use it without
referring to it.

Lemma 2.10. In a monoidal category C, we have, for all X,Y € obC(C, the following
equalities:

1. Ixey arxy = lx ® ly,
2. (Ix ®ry) axy,r =Trxeyv,
3. gy =11 ® ly,

4. rygr=ry ® 1y,

5 rr=1Ir.

Proof. 1. To prove the first point, we have to do some computations. By the Pentagon
Axiom, we know that

(11 ®Ilxgy) lr®arxy) ariexy (arnnx ®ly) = (11 ® Ixgy) a1,1,xeY AI01X,y-
But we also have

(1 ®Ixgy)arr xeyarsrx,y = (11 @ lxgy)argr x,y Triangle Axiom
=arxy(rr®1x) ®1ly) Naturality of a
=arxy((1r®Ilx)®ly)(arrx ® ly) Triangle Axiom
=(1;® (Ix ® 1y))ar1ox,y(arr,x ® 1y) Naturality of a.

Thus, we can write 1; ® (Ixgyar,x,y) = 11 ® (Ix ® 1ly). We conclude by lemma 2.9.

ar,1,x®ly

(I @X)QY Ie(I®X)®Y

O
(r®1x)®1ly le
I®X)®Y
arel, X,y @) ar X,y @) ar IeXx,y
I®(X®Y)
e W)
I (X®Y) O 1®lxgy I((I®eX)RY)
m m

Io(I®(XQY))

2. Similar to 1.

3. By naturality of I, ly l;gy = ly (17 ® ly), which gives l;gy = 17 ® ly since ly is an
isomorphism.

4. Similar to 3.

12



2.3. Monoidal Functors

5. By lemma 2.9, it is enough to prove r;y ® 1y = l; ® 15:

rr®lr=(1;®Ir)arr; Triangle Axiom
= l[@[ arr.1 2.10.3
=li®1; 2.10.1.

O

In any category C, we know that C(X, X) is a monoid for all X € obC. If C is monoidal
and X = I, we can show that this monoid is commutative.

Proposition 2.11. If C is a monoidal category, then C(I,I) is a commutative monoid.

Proof. Let f,g € C(I,I). Using the fact that r; = [y is an isomorphism, we can compute

gf =rrl; g frript
=r(Li@g) i r (foln) !
=rr (11®@g) (f@1r) I}
=r (feg)l’

rr(fel) (lreg) !

=frilityg

=fg.

2.3 Monoidal Functors

A morphism between two monoids is a function preserving the monoidal structure, i.e. a
function f such that f(1) =1 and f(xy) = f(z)f(y). Keeping this in mind, we will define
a monoidal functor between two monoidal categories to be a functor F' such that F'(I) ~ I
and F(X ®Y) ~ F(X)® F(Y) where the isomorphisms satisfy some coherence axioms.
In this section, we are also going to define monoidal natural transformations and monoidal
equivalences.

Definition 2.12. Let (C,®¢c, I¢,l,7,a) and (D, ®p,Ip,l',r’,a’) be two monoidal cate-
gories. A monoidal functor

(F,F1,F): (C,®¢, I¢,1,m,a) — (D, @p, Ip, ', d’)
is the data of:
e a functor F: C — D,
e an isomorphism Fy : Ip ——= F(I¢) ,

e a family of natural isomorphisms

F={Fxy: F(X)®p F(Y) "> F(X®Y) }xyeobc

13



2. Monoidal Categories

such that for all X, Y, Z € ob(, the following diagrams commute:

U (x),F(YV),F(2)

(F(X)®p F(Y)) @p F(Z) F(X) @p (F(Y) ®p F(Z))
FX,Y@DlF(Z)l llF(X)®DF~'Y,Z
F(X ¢ Y) ®p F(Z) o F(X) @p F(Y ¢ Z)
ﬁmcy,zl lﬁx,mcz

F(X®cY)®c Z)

F(X ®c (Y ®c Z))

Flax,y,z)

1px)®@pFr Fr®plpx)

F(X)®p Ip F(X)®p F(Ie) Ip®p F(X) F(Ip) ®p F(X)
T%(x)l O iﬁx,lc l%(x)i O lﬁzc,x

F(X ®&c Ic) F(X) F(Ie ®¢ X)

F(rx) F(lx)

Remark that the naturality of the family F means that the following diagram commutes
for all suitable f,g € morC:

F
F(X)®p F(Y)—2 F(X @ Y)
F(f)®DF(9)\L ¢) \LF(f@JcQ)
F(X")®p F(Y') — F(X' @ Y")

FX’,Y/
Remark 2.13. By abuse of notation, we will often write /' : C — D to mean the monoidal
functor (F, Fy, F).

As it happens with functors, we have an identity and a composition law for monoidal
functors.

Proposition 2.14. Let C, D and & be three monoidal categories. Then, (1¢,17,1):C — C
is a monoidal functor. Moreover, if (F, F],ﬁ) : C — D and (G, G[,é) : D — & are
monoidal functors, then (GF,G(F;)G 1, GF ) : C — & is also a monoidal functor where
GFxy = G(Fxy)Gr(x)reyv) for all X,Y € obC.

This form the category MC of small monoidal categories and monoidal functors.

Proof. 1t is trivial to check that (1¢, 17, 1) is monoidal. The facts that (GF, G(Fr)Gr, é\ﬁ)
is monoidal and MC is a category follow directly from definition 2.12.
O

In the same way, we introduce the notion of monoidal natural transformations.

Definition 2.15. Let (F, F7, F), (G,G, G) : C — D be two monoidal functors where C and
D are monoidal categories. A monoidal natural transformation « : (F, Fr, F) = (G,Gr1, G)
is a natural transformation « : F = G such that the following diagrams commute for all

X,Y eobC:

F(X)® F(Y) P F(X®Y)

1

2N
O ax®ayl ©) laxe@Y
; G(I)

F(I) GX)®GY)—=GX®Y)

Gxy

o

14



2.3. Monoidal Functors

We also have an identity and a composition law for monoidal natural transformation.

Proposition 2.16. Let C,D and £ be monoidal categories. Let F,F' F" : C — D
and G,G" : D — & be monoidal functors and let a : F = F', o/ : F' = F” and
B : G = G be monoidal natural transformations. Then, 1p : ' = F, o/a: F = F” and
B*a:GF = G'F' are monoidal natural transformations.

F G
C DBy &
A

F//

1

Moreover, if ax is an isomorphism for all X € obC, a™" is also a monoidal natural

transformation.
Proof. 1F and o« are obviously monoidal. Let us compute it for 3 x a:
(B*a) (GF)r = Bp(ry Glar) G(Fr) Gr = Bpy G(F7) Gr
= G'(F) Br Gr = G'(Fp) GT = (G'F');
and

(Bxa)xey GFxy = Br(xay) Glaxey) G(Fxy) G r(x).r(v)
= Brixey) G(F'xy) Glax ® ay) Grix) rv)
=G'(F'xy) Br (x)2F () éF’(X),F/(Y) (Glax) ® G(ay))
= G'(F'xy) G'pixypyy Brx) © Bryy) (Glax) @ Glay))
= Cf?’\f’x,y (B*a)x @ (B*a)y).
Finally, the fact that o' is monoidal if o is a monoidal natural isomorphism follows

directly from the definition.
O

We are now going to focus on monoidal equivalences.
Definition 2.17. Let C and D be two monoidal categories. A monoidal equivalence

F
between C and D is the data of two monoidal functors C %) D and two monoidal natural

isomorphisms o : GF==-1¢ and  : FG==-1p . If such a monoidal equivalence
exists, we say that C and D are monoidally equivalent.

Remark 2.18. By propositions 2.14 and 2.16, we know that this is an equivalence relation
on monoidal categories.

In order to prove that C and D are monoidally equivalent, we actually do not need to
show that GG, o and 3 are monoidal.

Proposition 2.19. Let C and D be two monoidal categories and (F, F7, F') : C — D be a
monoidal functor. Suppose we have a functor G : D — C and two natural isomorphisms

v: GF == 1¢ and 8: FG === 1p . Then, there exists a monoidal structure (G, G, G)
on G and another natural isomorphism « : GF === 1¢ such that a and 3 are monoidal
and such that F(ax) = Bp(x) and G(By) = agy, for all X € obC and Y € obD (i.e.

a~! and f3 satisfy the usual triangular identities).

15



2. Monoidal Categories

Proof. Since F' and G are part of an equivalence, they are essentially surjective on ob-
jects, full and faithful. Let Gy : I ——=G(I) be the unique isomorphism such that

-l -1 "
F(Gr) = F(I) *I>IL>FG(I) and let G be the unique family of isomorphisms

Gxy: GX)®G(Y)—">G(X ®Y) such that F(Gxy) =

L B
Fax),ao) Bx @By oy
—_—

F(G(X)® G(Y)) —22Y pG(X) @ FG(Y) XV X FPG(X oY)

for all X,Y € obD.

We want to check that this family is natural. To do so, let X Lo X and Y —g; Y’
be two morphisms in D. We have to prove that Gx:y (G(f) ® G(g9)) = G(f ® 9) Gxy.
Using naturalities, we can compute

F(Gxry1) F(G(f) @ G(9)) = Bxlgy: (Bx' ® By) Fglxn aon FIG(f) @ Glg))
= ﬁ)_(fl@/r (Bxr @ Byr) (FG(f) @ FG(g)) FVC:(I)(),G(y)
= Bxloy: (f ®9) (Bx ® By) Falx) a)
=FG(f®yg) 5}7(1@/ (Bx @ By) ﬁa(l)(),g(y)
= FG(f ®g) F(Gxy).

We conclude using the fact that F' is faithful. With the same kind of ideas, we can prove

that the three diagrams of definition 2.12 commute, making (G, Gy, G) a monoidal functor.
Now, we prove that § is monoidal:

Br (FG)r = Br F(Gr) Fr
=B B F
—1;

= (1D)1

and

Bxey FGxy = Bxey F(Gxy) ﬁG(X),G(Y)
= Bxey Bxey (Bx ® By) Fg_(l)(),c(y) Fax)am)

= (Ip)x,y (Bx ® By)

for all X,Y € obD. So 8 is monoidal.

Now, for all X € ob(C, we define ay : GF(X)—= X to be the unique isomorphism
such that F'(ax) = Bp(x). Suppose Y € obD. Since, By Brgyv) = By FG(By), we know
that F'(agy)) = Brar) = FG(By). Therefore, agyy = G(By).

It remains to show that o : GF ===> 1¢ is a monoidal natural transformation. For the

naturality, let X N Y be a morphism in C:

Flay) FGF(f) = Brpy) FGF(f) = F(f) Brx) = F(f) Flax).

Hence « is natural since F' is faithful.

16



2.4. Adjunctions

Eventually, we prove that « is monoidal, using the fact that F' is faithful:
Far) F(GF)1) = Brqy FG(Fr) F(Gr)
= Fy B By Fy
= F(15)
and
Flaxgy) F(GFxy) = Br(xeY) FG(Fx.y) F(éF(X),F(Y))
= Fxy Brx)ery) Biterey) Bre) ® Bro) Fabo.aryy
= Fxy (F(ax) ® F(ay)) Fgpoy are)
= Flax ® ay) For(x),cry) ﬁC:;’(X),GF(Y)
= Flax @ ay)
for all X,Y € obC.

Due to this proposition, we have a characterisation of monoidal equivalences.

Corollary 2.20. Let C and D be two monoidal categories. They are monoidally equivalent
if and only if there exists a monoidal functor F': C — D which is essentially surjective on
objects, full and faithful.

Proof. Follows immediately from proposition 2.19 and the axiom of choice.

2.4 Adjunctions

F
In Category Theory, an adjunction is the data of two functors C ?D linked by two

natural transformations n : 1¢ = GF and ¢ : FG = 1p satisfying two triangle identities.
The same idea is used in a monoidal category to link two objects with two morphisms
satisfying two identities.

We present here some basic lemmas about adjunctions in order to use them in the next
chapter. A good reference for this is G. Maltsiniotis’paper [12].

Definition 2.21. Let C be a monoidal category. An adjunction (or duality) (X, X*,ix,ex)
in C is the data of two objects X, X* € ob(C, a morphism ix : | —= X ® X* and a

morphism ex : X* ® X ——= 1 such that the following diagrams commute.

—1

l .
X Xorex XX (XxeXx)eX
1Xl @) \L‘ZX,X*,X
*
X< —X®I . X®(X*®X)
- 1ys®i
X+ X xr g XN e g (X @ X

—1
1X*l O \LaX*’X’X*

X' <—I® X" (X*X)® X*

X * 6X®1X*

17



2. Monoidal Categories

Example 2.22. If C is a monoidal category, (I, I,r;l, rr) is an adjunction. Indeed,
ri (L @rr) arrr (7' @ 1) 17 = rirerrig vyt = 1

and
-1 1y -1 1 -1
lr (rr®1y) arr (Lr@r;)r;" = ririer g ;- = 11

Example 2.23. If (X, X* ix,ex) and (Y,Y* iy, ey) are two adjunctions in a monoidal
category C, then

(X RY,Y*® X*, aX Y Y @X* (1X & ayyy*,X*) (1X ® (iy ® lx*)) (1X ® l)_(i) 1x,
ey (1y* X ly) (1y* ® (€X & ly)) (1}/* & a;(}K’XA/) ay*Vx*,X(g)y)
is an adjunction. To see it, it suffices to prove the two identities using definitions.

The next lemma says that, given an object X € C, there exists at most one adjunction
(X, X*,ix,ex), up to isomorphism.

Lemma 2.24. Let C be a monoidal category and (X, X*,iy,ex) and (X, X, ax, Bx) be

two adjunctions in C. There exists a unique isomorphism ¢ : X* —~= X such that

X*®X X X"

K /
O I ¢)

XX X®X

PR1x 1x®p

commutes.

Proof. First, we prove the uniqueness. Let ¢ and 1 be two such isomorphisms. Then,

P = P lx (ex @ 1x+) a;’xx* (Ix+ ®ix) rys

= Ix (L1 @) (ex @ 1x+) axt y x» (Ix» ®ix) rys
I (ex ®1) a;,x,x* (Ix+ ®ix) ry:
(Bx ® 1) (p© 1x) ©@ ¥) axt o (Lx @ix) 75
v (Bx ®1%) a XXX(sa@(lx@w)) (1x- ®ix) ris
¥ (Bx ®@1%) yX
= Ix (Bx® )G%X
x (Bx @ lx) ax

_ZY

PR ax) TX}*

ax 5 (
(Ix @ ax) (¢ ® 1) rx.
(Ix

-1

a ®ax)rgy ¢

B

It remains to prove the existence. We set ¢ to be the morphism

—1

Xr X X g XX X*® (X ®X)
-1
iax*,x,x
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2.4. Adjunctions

and ¢! to be the morphism

-1

_ rf _ 1+-®1 —

X XXl X o(XoX)
=
X, X, X*

X' <—I®X" (XoX)o X"

Xk ﬂX@lx*

Using the axioms, we can show that o 1y = 1x«, pp~! = 1%, Bx(p®1x) = ex and
(1x ® ¢)ix = ax. Hence, ¢ is the isomorphism we were looking for.
O

In the last lemma of this section, we prove that monoidal functors preserve adjunctions.

Lemma 2.25. Let F': C — D be a monoidal functor between two monoidal categories C
and D. If (X, X*,ix,ex) is an adjunction in C, then

(F(X),F(X"), F)}X*F(éX)F],Fle(eX)ﬁX*7X)
is an adjuction in D.

Proof. 1t suffices to prove the two identities of definition 2.21. We are going to prove the
first one by computations. The second one is similar.

rec) (e © Fi 1) (Lpoxo) @ Flex)) (Lpx) ® Fx«x)a AF(X),F(X*),F(X)
(Fx- ® 1r(x) (Flix) © 1r(x) (F1 @ Lpx) Iy,

= F(rx) Fx1 (1pix) ® Fex)) (Lpox) ® Fx+ x) ap(x),rxs),#(X)
(Fx ® 1px)) (Flix) ® 1px)) Fryx F(ix")

= F(rx) F(1x ® ex) ﬁX X*®X (Lroo) ® Fxe X) ap(x),p(x),F(x)
(Fxx- ® 1px) Fxgxe x Flix ® 1x) F(x")

= F(rx) F(1x ® ex) F(GXX* ) Fxex+x (Fx.x+ ® lpx))
(Fx+ ® 1p(x)) Fxgx- x Flix ® 1x) F(Ix")

= F(rx) F(lx ® ex) F(ax,x~x) Flix ® 1x) F(I3")
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3 Cat-Groups

What a cat-group is to a group is what a monoidal category is to a monoid. Indeed, in this
chapter, we are going to define a cat-group to be a monoidal category where all morphisms
and all objects are invertible. Therefore, a cat-group is a groupoid with a (weak) group
structure on its objects.

As we said earlier, cat-groups were introduced by P. Deligne in [5] and A. Frohlich and
C. T. C. Wall in [6]. As more recent references, we can cite [1| (Baez-Lauda), [7] (Joyal-
Street) and [15] (Vitale).

3.1 Definition and Characterisation
Definition 3.1. A groupoid is a category where all morphisms are isomorphisms.
Definition 3.2. A cat-group (G, ®, 1,1, a,x*,i,e) is the data of

e a groupoid G,

e a monoidal category (G, ®,1,1,7,a),

e an application x: obG — obG : X — X*,

a family of morphisms i = {ix : I ——= X ® X* } xcong,

a family of morphisms e = {ex : X*®@ X —=>1T }xcobg
such that (X, X* ix,ex) is an adjunction for all X € obg.

Remark 3.3. By abuse of notation, we will often write G to mean the cat-group
(g7®"[7l7r’a’ *)i’e)‘

Before we give some examples, we are going to prove a characterisation of cat-groups,
in order to make this concept easier to understand.

Lemma 3.4. Let (C,®,1,l,r,a) be a monoidal category and X, X* € obC. If we have
two isomorphisms iy : | —= X ® X* and By : X*® X —~= 1T, then,

1. each of the following functors is part of an equivalence,

X®—-: C— C -®®X: C— C
Y— X®Y Y—Y®X
f= 1x®f = felx

2. there exists an isomorphism ey : X* ® X —— I such that (X, X* ix,ex) is an
adjunction.
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3. Cat-Groups

Proof. 1. Let F' and G be respectively, the functors X ® — and X*®—. We have natural
isomorphisms «a : 1l == GF and v: 1l¢ == FG defined by

It “lg1
ay = YL>[®yL>

ax* XY

(X*®X)®Y X*®(X®Y)

and

1

Iy
w=Y-YsI®Y

aX’X*

— P L X @ (XY

ix®ly

(X@X)QY

for all Y € ob(C. Hence F' = X ® — is part of an equivalence. The proof is similar
for - ® X.

2. We consider the isomorphism

-1 1 -1
Ax x* x iy ®lx

(X ®X*)®X Iox ox X xel.

X®(X*®X)

By what we did above, we know that the functor X ® — is full and faithful. So there
exists a unique morphism ex : X* ® X ——= I such that

Ix ®ex =7y Ix (ix' ® 1x) ay'x. x-

Again by the fact that X ® — is full and faithful, ex is actually an isomorphism.

By construction, the first diagram of definition 2.21 commutes. So, it remains to
prove that the second one commutes. Let us make some computations:

(Ix ®Ix+) (Ix ® (ex ® 1x+)) (1x ® axh ¢ o) (Lx @ (Lx» ®ix)) (Ix @ 7x})
= (Ix @ lx+) axrx+ (Ix @ ex) ® 1x+) ax'yegy x- (Ix ® axi x x)
(1x ® (Lx+ ®ix)) (Lx ® rys)
= (Ix ®Ix+) axrx (ry ®1x=) (Ix ® 1x+) ((iy' ® 1x) ® 1x+) (a;(,lx*,x ®1x-)
axlyegxxe (Ix ®ayt x ) (Ix ® (Lx- @ ix)) (Ix @ ryt)
= (Ix @ 1x-) ((ix' ©@ 1x) ® 1x+) a)_(lgox*,x,x* a)_(,lX*,X@JX*
(Ix®@(1x*®ix)) (I1x ® T)_(l)
= (Ix ® 1x+) a x x- (ix' ® Ixpx+) (Ixex- @ix) ax'x.; (Ix @ ryt)
= lxex+ (L1 ®ix) (iy' ®1;) 7”)_<1®X*
=ix lrrytiy

= 1X®X* .

This proves the second identity of adjunctions since X ® — is faithful.

We can now state and prove a characterisation of cat-groups.

Proposition 3.5. Let (G,®,I,l,r,a) be a monoidal category. There exists a cat-group
(G,®,1,l,7,a,%,i,e) if and only if G is a groupoid and for all X € ob§, there exists a
X* € ob@ such that X @ X* ~ I.
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3.1. Definition and Characterisation

Proof. The ‘only if part’ is trivial since iy : [ ——= X ® X* gives the isomorphism.
For the ‘if part’, let X € obG. We can choose a X* € obG and some isomorphisms
ix : I —>=X®X* and iy« : [ —"=X*® X* . By lemma 3.4, it suffices to find a
morphism Bx : X*® X ——= 1. We can choose

X*®X Ix*®rx X*®(X®I) 1x*®(1x @ix+) X*®(X®(X*®X**))
ilx*@ax?x*’x**
1X*®ZX** 1X*®(’LX1®1X**)
=
I

O

Remark 3.6. Notice that it can happen that several choices of *,7 and e are possible.
Therefore, the notion of cat-group is richer than the notion of monoidal category satisfying
the property of proposition 3.5. However, we will prove later (see corollary 3.28) that,
up to an equivalence of cat-groups, we can choose any triple (x4, e) without changing the
associated cat-group.

Remark 3.7. As we have written in the beginning of this chapter, we now see that a cat-
group is a monoidal category in which every morphism is invertible (is an isomorphism)
and each object has a (weak) inverse for the (weak) monoidal structure on the objects.

Definition 3.8. Let C be a monoidal category. We say that an object X € obC is weakly
invertible if there exists an object X* € ob(C such that X ® X* ~ [ ~ X*® X. Such a X*
is called a weak inverse for X.

Now, we give some examples of cat-groups, using proposition 3.5.

Example 3.9. Let G be a group. We construct the cat-group D(G): the objects are the
elements of G and there is no more morphisms than the identities. The functor ® is defined
by the group law of G.

Example 3.10. Let A be an abelian group. We define the category A! as follows: [
is the unique object and A!(I,I) = A with addition in A as composition. Therefore, by
proposition 3.5, the monoidal category (A!, ®,I,1,1,1), where the functor ® is also defined
by addition in A, can be extended to a cat-group. Note that we need A to be abelian in
order to prove that ® is a functor.

Example 3.11. The monoidal category Ab (as described in 2.3) can not be extended to
a cat-group since Ab is not a groupoid.

Example 3.12. If A *f>B is a morphism of abelian groups, the monoidal category
Cokerf (see example 2.7) can be extended to a cat-group. Indeed, it is a groupoid since

V¥ —%=b is the inverse of b—2>1b and —b € ob Cokerf is a weak inverse of b.
Example 3.13. If C is a monoidal category, we can construct the Picard cat-group of
C, denoted Pic(C), as follows: the objects are the weakly invertible objects of C and the

morphisms are the isomorphisms of C. Compositions, ®, I, [, r and a are the restrictions
of those in C. By proposition 3.5, it can be extended to a cat-group.
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3. Cat-Groups

If G is a groupoid, we know that G(X, X) is a group by composition for all X € obg.
We conclude this section with a proposition saying that, if G is a cat-group, these groups
are isomorphic as X runs in obgG.

Proposition 3.14. Let G be a cat-group and X € obG. We have two group isomorphisms:

1.
vx: GILI) = G(X,X): frlx (f®1x) Iy
Tx X, X) = G D) s g iy (9@ 1x+) ix
2.
ox: GUILI) = G(X,X): frrx (Ix @ f)ry'
6yt (X, X) = G(I,I): g—ex (1x-®g) ey
Proof. 1. These functions are group morphisms since

x(Hix(f)=ix (felx) I Ix (ff@lx) Iy =l (ff ®1x) I =vx(ff)
for all f, f" € G(I,I) and
X @5 (g) =i (9@ 1x) ix iyt (9 @ 1x+) ix =iy (99 ® 1x+) ix = 7x (99"

for all g,¢" € G(X,X). Moreover, they are injective since — ® X and — ® X* are
faithful (lemma 3.4.1). So, it remains to show that vy' (vx(f)) = f forall f € G(I,1):

Tx (x(f) =ix' (Ix @ 1x+) (f @ 1x) @ 1x+) (Iy' @ 1x+) ix
=iy Ixex- arxx- (f©1x) @ 1x+) a7k x» Ity ix
=1 (11 ®i)_(1) (f ® 1xox+) l)_(éz)x* ix
=r; (fol) (1 ®iy) l)_céax* 5

-1 =1 -
=frrl; iy ix

:f‘
' (vx ()
-
i *
I = XoX o
|
1
ToX)ox YO 1o vy X o X @ Xt X
e
®1 * 1/®1
T €D & PEACLN P N el f
O
M\ %f
o I®1 I
N s J
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3.2. Cat-Group Functors

2. Similar.

Corollary 3.15. If G is a cat-group and X € ob G, then G(X, X) is an abelian group.
Proof. By proposition 3.14, G(X, X) ~ G(I,I). But G(I, ) is abelian by proposition 2.11.
O

3.2 Cat-Group Functors

Since a cat-group has more structure than a monoidal category, a suitable functor between
cat-groups has to satisfy more axioms than a monoidal functor, i.e. it has to preserve the
weak inverse X*. We will see in this section that a cat-group functor is actually nothing
but a monoidal functor. The same work will be done for cat-group natural transformations.

Definition 3.16. Let G and H be two cat-groups. A cat-group functor
(F,F;,F,.F*):G —>H
is the data of
e a monoidal functor (F, F7, ﬁ) G —>H,
e a family of isomorphisms F* = {F% : F(X)* — F(X*) }xeobg

such that, for all X € ob G, the following diagrams commute:

7 1 RF%
19 (X)) e F(X) —2 "X F(X) ® F(XY)
FI\L O \Lﬁx’X*
F(I) i) F(X ® X*)
Fr®1 Fyxx
F(X)" ® F(X) —% P(X*) ® F(X) —% F(X* ® X)
eF(X)l O lF(eX)
I = F(I)

Remark 3.17. As usual, by abuse of notation, we will often write F' to mean the cat-group
functor (F, Fr, F, F*).

Definition 3.18. Let (F, Fl,ﬁ,F*),(G, G, G, G*) : G — H be two cat-group functors
between the two cat-groups G and H. A cat-group natural transformation

Od:(F,F[7FV,F*>:>(G,G[,67G*)

is a monoidal natural transformation « : (F, F7, F) = (G, G1, G) satisfying for all X € ob§G

ax« Fx = Gk lapx)- (er(x) ® la(x)7) Qp(x)- r(x).ax)r

(Lexy ® (ax' @ 1gx)-)) (Lexy ©iax) Tr(x)--
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3. Cat-Groups

Remark 3.19. If G is a cat-group, we can define the functor

¢ =g
X — X*

<X*>f Y>r—><Y**>f* X*)

where f* is

1

7* * X1 1y = 1y
vr Dy T Ny (x @ x) VI 3 o (v @ X7
iay}*,y,x*
* * * *
X o I®X e Y*Y)eX

The fact that (—)* is a functor follows from some (quite long) computations using defi-
nitions.
We can now rewrite the condition in definition 3.18 as the commutation of

P(X)* % p(X%)

for all X € obg.

As announced earlier, we now prove that a cat-group functor is exactly a monoidal
functor.

Proposition 3.20. Let (F, F;, F) : G — H be a monoidal functor between the two cat-
groups G and H. There exists a unique family of isomorphisms

F*={F%: F(X)" —= F(X") }xeobg

such that (F, Fr, ﬁ, F*) is a cat-group functor.

Proof. By lemma 2.25, we know that (F(X),F(X*),ﬁ;}X*F(iX)FI,Fl_lF(eX)ﬁX*7X) is
an adjunction for all X € G. We conclude by lemma 2.24.
O

Remark 3.21. Due to this proposition, we see that, speaking about cat-groups, there is
no difference between a monoidal functor and a cat-group functor. So, we will not talk
about cat-group functors anymore, but only about monoidal functors.

We would like to prove the same thing for natural transformations, i.e. that every
monoidal natural transformation is a cat-group natural transformation. In order to do so,
we need some lemmas.

Lemma 3.22. Let G be a cat-group and X *f>Y a morphism in G. The following
diagrams commute.

(fyef fe(fhr

X*®X Y*®@Y X ®X*
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3.2. Cat-Group Functors

Proof. We prove the first one, the second one is similar:

ey (FFY* @ f)=ey (ly-@1y) ((ex ® ly+) @ 1y) (axxy+ @ ly)
(Ix-@ (f1ely)@ly) (Ix- ®iy) @ ly) (rx: ©1y) (1x+ ® f)
=ey lysgy ary+y ((ex @ ly«) @ 1y) (1x+ ®@ f7H) @ 1y+) ® 1y)
(az;(i’yyy* ®1y) (1x- ®@iy) @ ly) (ryt ®@ 1y) (1x- ® f)
=1 (11 ®ey) (ex ® lysgy) ax-ax,y+y (Lx ® f71) @ 1y«) ® 1y)
(a;y’y* ®1ly) (Ix= @iy) @ 1y) (ry: @ 1y) (1x+ @ f)
=l (ex ®17) (Ix-ex ®ey) (Ix @ [71) @ ly-ay) ax v,y y
(axsyy- ©1y) (Ix- ®iy) © 1y) (rys @ 1y) (1x+ @ f)
=rr(ex @11) (Ix- @ f7) @ 17) (Ix-ey @ ey) axt yyrgy
(Ix+ ® ayy+«y) axyey+y (1x ®iy) ® ly) (ryt @ 1ly) (1x- @ f)
ex (Ix+ ® ) rxegy a)_(l*,Y,I (Ix- ® (ly ® ey)) (1x+ ® ay,y+y)
(Ix+ ® (iy @ 1y)) ax= 1y (ryt @ 1ly) (1x= @ f)
ex (Ix+ ® 1) rxegy a)_(l*,y,z (Ix+ @7y (Ix= @ly) ax= 1y
(rys ®1y) (Ix+ @ f)

= €x.

O

Lemma 3.23. Let X I Y be a morphism in a cat-group G. We have 1-1 correspon-
dences

G(A,B)“LgAaeX,BoY) and G(A,B) 2 >G(X®A,Y®B)

for all A, B € obg.
Proof. Let us prove it for the first one, the second one is similar. We show that
G(A®X,BRY) = G(A,B): g rp (13®iy") apyy+ (99(f 1)) ayy x» (1a®ix) ry’
is the inverse of — ® f. If h € G(A, B),
rp (I®iy') apyy- (A )@ (7)) axly x» (la®ix)ry’
=rp (lg@iy') (h@ (f@ (f71)) Qla®ix) ry'
=rp (1p®iy’) (h@iy) r,’

=rp (h®1y) er
=h

using lemma 3.22. We can also prove that, if g € G(A® X,BRY),

g=(rp@1ly) (1p®iy") @1y) (apyy- @ 1y) (9@ (1)) @ f)
(az'y x- ®1x) (14 ®ix) ® 1x) (17 ® 1x).

This follows from definitions and lemma 3.22.
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3. Cat-Groups

The next lemma says that diagrams of lemma 3.22 uniquely determine (f~1)* for a fixed
f and vice-versa.

Lemma 3.24. Let X N Y be a morphism in a cat-group G.

1. If g € G(X,Y) is such that ey ((f71)*®g) = ex or (g ® (f~H)*) ix = iy,
then g = f.

2. If h € G(X*,Y*) is such that ey (h® f) = ex or (f ® h) ix =iy, then h = (f~1)*.

Proof. Suppose we have a g € G(X,Y) such that ey ((f7!)* ® g) = ex. By lemma 3.22,
ey (fFHY*®g)=ey (fH)*®f). Thus (f1)*®g=(f1)*® f. We conclude by lemma
3.23. The other ones are similar.

O

We can now prove that a monoidal natural transformation is actually a cat-group natural
transformation.

Proposition 3.25. Let F,G : G — H be two monoidal functors between the cat-groups
G and H. Let a : F' = G be a monoidal natural transformation. Then, « is a cat-group
natural transformation.

Proof. We have to prove ax:F% = G}(a}l)*. By lemma 3.24, it suffices to prove
eax) (G%) 1@ 1gx) (ax- © lgx)) (Fx @ low) (Ipx) ® ax) = epx):
eax) (Gx) ™ @ lox) (ax: © lgx) (FX ® lax) (Lrx)- ® ax)
= G7' Glex) Gx- x (ax- @ 16(X)) (1px+) ® ax) (F% @ 1px))
=Gr G(

= G7' Glex) ax+ex Flex)™" Frepx)

ex) éx*7x (Oéx* ® ax) ﬁ;}}x F(ex)fl Fy EF(X)

=G;'ar Frepcx)
= er(x)-
O

Remark 3.26. Due to this proposition, we can give up the notion of cat-group natural
transformation and only consider monoidal natural transformations.

Remark 3.27. We could have defined cat-group equivalences between cat-groups, but we
now see that it is actually the same as monoidal equivalences.

Corollary 3.28. Let (G,®,I,l,r,a) be a monoidal category where G is a groupoid and ev-
ery object has weak inverse. Consider two cat-group structures on G: (G, ®,I,1,r,a,*,1i,¢€)
and (G,®,1,l,r,a,% i’ e'). They are monoidally equivalent.

Proof. 1t suffices to consider the monoidal functor 1g.
O

We can actually do better. Indeed, if we consider cat-groups, a monoidal functor is
a pair (F, F ) where F commutes with a. Thus, we do not need to construct the iso-
morphism F; anymore, it will come uniquely with (F, ﬁ) Moreover, to check that a
natural transformation is monoidal, we do not have to check ay Fr = Gy, it follows from
Gxy (ax ® ay) = axgy Fxy.
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3.2. Cat-Group Functors

Proposition 3.29. Let G and H be two cat-groups. If (F, ﬁ) is pair where F' : G — H is
a functor and F' is a family of natural isomorphisms

F={Fxy: F(X)@ F(Y) "> F(X®Y) }xyeobg

such that

AF(X),F(Y),F(Z)

(F(X)® F(Y))® F(Z) FX)® (F(Y)® F(Z))
Fx,y@lpml l rx)®Fy,z
FX®Y)®F(Z) o FX)® F(Y ® Z)
Feove| Fyor

F(X®Y)® Z2)

FX®((Y®2)

F(ax,y,z)

commutes for all X,Y, Z € ob @, then, there exists a unique isomorphism F; : I —— F(I)
such that (F, Fy, F) is a monoidal functor.

Proof. By lemma 3.4, the functor F/(I) ® — : H — H is an equivalence. Thus, there exists

a unique isomorphism Fy: [ —— F(I) such that

1p®Fr

Fy®I F(I)® F(I)
TF(I)l O lﬁu
F(I) o) F(I®I)

commutes. It remains to prove that, for all X € ob§G, F(rx) ﬁXJ (Ipx) ® FI) = rpx)
and F'(lx) ﬁLX (Fr ® 1p(x)) = lp(x)- Let X € obG. Let us do some computations:

(
(F(rr) ® 1px)) (Frr® lpxy) (Lpay ® Fr) @ 1px)) afw(l]),[,p(x)
= (F(r1) @ 1px)) (Frr® Lr(x)) @E%I),F(I),F(X) (1pm @ (Fr ® 1p(x)))
(F(rr) @ 1px)) ﬁf&,x Flarrx)" Friex (1pm ® Fr.x)

(Fr ® 1p(x)))
= ﬁ_,)lc F(ri®1x) Flar} ) Friex e ® Frx) ey ® (Fr ® 1p(x)))

= Fx F(l1®1x) Friex (Lpy @ Fr.x) (Lpay ® (F1 @ 1p(x)))
(Lpay ® F(ix)) (Lpy ® Fix) Ly @ (Fr @ Legx))-

=
=
@

Therefore, lp(x) = F(lx) ﬁ[’X (Fr ® 1p(x)) since F(I) ® — : H — H is an equivalence. In
particular, Fy is the unique morphism such that Iz = F(I1) ﬁI,I (Fr @ 1p(r)). Thus, we
can show in a similar way that rpx) = F(rx) ﬁXJ (Irpx) ® Fr).

0
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3. Cat-Groups

Proposition 3.30. Let F,G : G — H be two monoidal functors between the cat-groups
G and H. If o : F = G is a natural transformation such that

F(X)o F(Y) 2L F(X V)

Oéx®ozyi O \LQX@Y
GX)®G(Y) —>G(X®Y)
Gxy

commutes for all X,Y € ob@, then, « is a monoidal natural transformation.

Proof. We have to prove that ay Fr = G;. By lemma 3.23, it suffices to show

(ar @ ar) (Fr @ 1pp)) = Gr ® ay.

(ar ® ar) 151_,11 FQY len

(ar®@ar) (Fr ® 1p(p))

Gr1orer FUTY) Lry
=G GU Y ar lpr)
=Gr; GUY) lamy (1 @ ay)
= (Gr®lgm) (lr®@ar)
=GR aj.

O

What we have done in this section can be resumed thanks to our analogy (monoidal
categories - monoids) and (cat-groups - groups). Indeed, in one hand, a monoid is a set
with a composition law and an identity. Thus, a morphism of monoids has to preserve
both of them. On the other hand, a group is a monoid with an inverse for each element.
So, a morphism of groups has to preserve the composition law, the identity and inverses.
Hence, it seems we need three axioms to define a morphism of group. However, it is well-
know that, the fact that a function preserves the composition law is enough to prove it is
a morphism of group. It is exactly what we have done in this section for cat-groups.
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4 2-Categories

A 2-category is a category C where all C(A, B)’s are themselves categories. In other words,
a 2-category is a category with arrows between morphisms. This chapter is a quick intro-
duction to 2-categories and the different kinds of functors between them. We introduce
them in order to define the 2-category of small cat-groups and study it in Chapter 5. We
can cite Chapter 7 of Borceux’s book [3] as a good reference for 2-categories.

4.1 2-Categories and 2-Functors

Definition 4.1. A 2-category is a category C such that

e for all objects A and B, C(A, B) is a small category,

f 9
e for all morphisms A—= B—= (', we have an application
f! g

C(A,B)(f.f) x C(B,C)(g,9') — C(A,C)(9f.d'f) : (o, B) — Bxa,

satisfying the axioms:

f g
o 1,x1; =1, for all diagrams A@B 1, O,
f g
1a f lp
o ax1ly, =a=1;, xa for all diagrams A 11AAEB@BB,
14 f 1
/ g h
e Yx(B*a)=(y*p)*a for all diagrams AEBEC@D,
f/ g/ h/
! g
o ®

o (Y*xpP)o(pxa)=(Poy)*(Boa)for all diagrams A —f—= B —g¢=C.
Y
£ g’
Remark 4.2. e We call a morphism in the category C a ‘1-cell’.
e A morphism in any category C(A, B) is a ‘2-cell’.
e An object of C is sometimes called a ‘O-cell’.

e A 2-isomorphism is an invertible 2-cell.
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4. 2-Categories

e We may write C(f,g) instead of C(A, B)(f, g) for suitable 1-cells f and g.
e The last axiom of definition 4.1 is called the ‘interchange law’.
e A 2-category C is said to be small if obC is a set.

Example 4.3. Any category C can be turned into a 2-category: it suffices to think C(A, B)
as a discrete category for all A, B € obC(C.

Example 4.4. Let Gp be the category of groups. We can turn Gp into a 2-category in
the following way: given two group morphisms f,g: G — H, a 2-cell a: f——>g¢g is an

element of H such that g(z) = a-f(z)-a~! for all z € G. Composition of f —*=g o h
in Gp(G, H) is given by f e h and the identity is the unit element. Given 2-cells
f g p
*Q
G E H E K , wedefine gf ——=¢'f" as¢'(a)-8 = B-g(a). By easy computations,
f! g
we can check that this defines a 2-category.
Example 4.5. Small categories, functors and natural transformations form the 2-category
CAT. In the same way, we have the 2-category MC (respectively CG) of small monoidal cat-
egories (respectively of small cat-groups), monoidal functors and monoidal natural trans-

formations.

We are now going to define the suitable notions of 2-functors between 2-categories and
of 2-natural transformations between 2-functors. Moreover, we will also define arrows
between those 2-natural transformations, called modifications.

Definition 4.6. Let C and D be two 2-categories. A 2-functor F' : C — D is the data of:
e a functor F: C — D,
e for each A,B € ob(C, a functor Fup : C(A,B) — D(F(A),F(B)) such that

Fap(f) =F(f) forall f €C(A,B)

/ g
satisfying Fiu c(8* a) = Fp c(B) x Fa () for all diagrams A E B @ C.
f g

Remark 4.7. By abuse of notation, we will write F' to mean Fs p.

Lemma 4.8. Let C, D and £ be 2-categories and C . p_ Y. ¢ be2-functors. Then,

le:C—Cand C S D are 2-functors.

Proof. Follows immediately from the definition.
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4.1. 2-Categories and 2-Functors

Definition 4.9. Let C and D be two 2-categories and F,G : C — D be two 2-functors. A
2-natural transformation 6 : F' = G is a natural transformation 6 : F' = G between the

underlying functors such that 19, x F'(o) = G(«) x 19, for all A E B.

F(f)

G(A G(a (B

Lemma 4.10. Let C, D and £ be 2-categories. Let F, F', F" :C — D and G,G' : D — £ be
2-functors and let 0 : F = F', ¢/ : F/ = F” and ¢ : G = G’ be 2-natural transformations.
Then, 1p: F = F,0'0: F = F" and ¢ «0 : GF = G'F’ are 2-natural transformations.

F G
C 1@9 D 1@/’ &
led

Fl
W

F//

Moreover, if 04 is an isomorphism for all A € obC, then, ! is also a 2-natural trans-
formation. In this case, 0 is called a 2-natural isomorphism.

Proof. 1t can be proved by some straightforward computations from definitions 4.1, 4.6
and 4.9. For example, for ¢ x 0:

L), * G(F (@) = Ly, ) * La(og) * G(F (@)
= Ly ) * G(loy * Fa))
= 1y ) * G(F'(@)) * 1aa,)
= G'(F'()) * Ly, * Lo(o,)
= G/(F' () % Ligup) -

O

Corollary 4.11. Small 2-categories, 2-functors and 2-natural transformations form also a
2-category.

Proof. 1t is lemmas 4.8 and 4.10.

As announced earlier, we can also define arrows between 2-natural transformations.

Definition 4.12. Let F,G : C — D be 2-functors between the 2-categories C and D. Let
also 0, ¢ : F = G be two 2-natural transformations. A modification Z : § ~» ¢ is the data
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4. 2-Categories

S
of, for all A € C, a 2-cell E4 : 04 —— @4 such that, for all AEB in C, we have
g

Ep* F(a) =G(a) xZE4 in D.

F(f)
F(a) F(B)
F(g)
¥B 0B
G(f)
G0 e U
G(9)

We also have identities, a composition law and a x-law for modifications.

Lemma 4.13. Let F,G, H : C — D be 2-functors between the 2-categories C and D. Let
also 0,p,¢ : F = G and x,w : G = H be 2-natural transformations and let = : 6 ~~ ¢,
U :p~1and Q: x ~ w be modifications. Then, 1y : § ~~ 6, V= : § ~> ¢ and
Qx=: x0 ~ we, defined by (1p)a = 1p,, (VE)4 = P4 0E, and (Q*E)4 = Q4 *x E4 for
all A € ob(C, are also modifications.

X
—
s =N

FE e i n
:

S

¥

Proof. 1y is a modification since @ is a 2-natural modification and  x Z is obviously a

/
modification. For W=, let A E B be a 2-cell in C:
g

<\I/BOEB>*F(06): \I/BOEB)* lF(g)oF(a))
= (Yp*1pg)) o (Epx F(a)) Interchange law
= (Yp*1p(g)) o (G(a) xZ4) Since E is a modification
= \I/B*lF(g) o) [(G(O&)OlG(f))*(lwAOEA)}

o(G(a)*1y,,)o(lgs) *Za) Interchange law
= (Yp*1pg)) o (lpp *x F(a)) o (1g(p) *Ea) Since ¢ is 2-natural
= [(Wpoly,)*(1p o F(a))| o (lgpy *Z4) Interchange law
— (Up * F(a)) o (1g(p) *Ea

which is what we had to prove.
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4.2. Pseudo-2-Functors and Biequivalences

Notation 4.14. If C and D are small 2-categories, we write [C, D] for the small 2-category
of 2-functors C — D, 2-natural transformations and modifications. If F.G : C — D are
2-functors, [F, G] will denote the small category of 2-natural transformations and modifi-
cations.

We conclude this section with a characterisation of invertible modifications.

Lemma 4.15. Let F,G : C — D be 2-functors between the 2-categories C and D. Let
also 8, ¢ : F' = G be 2-natural transformations and = : § ~» ¢ a modification. Then, there
exists a modification W : ¢ ~~ 6 such that Z¥ = 1, and Y= = 1y if and only if Z4 is a
2-isomorphism for all A € obC. In this case, we say that = is an isomodification.

Proof. There is nothing to prove for the ‘only if part’. Let us prove the ‘if part’. Let

f
U,y = (Z4)" ! for all A€ obC. We have to show that ¥ is a modification. Let A @ B
g

be a 2-cell in C. We have to prove ¥ p*F'(a)) = G(a)* WV 4. By the computations done in the
proof of lemma 4.13, we know that 1g,xF(a) = (VpoZ=p)xF(a) = (VpxF'(a))o(1gs)*xEa).
But we also know that 1y, xF'(a) = G(a)xlg, = (G(a)*Wa)o(1g(s)*=a) by the interchange
law. Hence, it it suffices to show that 1g(s) * 24 is a 2-isomorphism. But it is easy to see
that its inverse is 1g(y) * ¥ 4. Indeed:

(La(p) *Ba) o (Lg(p) * Ya) = 1a() * Loa = La(f)pa
(Lo * Wa) o (g(p) *Ea) = Lo * 1oa = La(f)oa-

4.2 Pseudo-2-Functors and Biequivalences

In Chapter 5, we will classify cat-groups. A corollary of this classification will be that the
2-category CG will ‘look the same’ as an other 2-category, easier to understand. Of course,
we have to be precise and so we would like to define what a ‘biequivalence’ between two
2-categories is. We want such a notion of biequivalence to be an actual equivalence relation
on 2-categories. Moreover, in order to prove this corollary, we need a characterisation
of a biequivalence in the same way we have in categories (i.e. an equivalence is a full,
faithful and essentially surjective functor). Hence, we present in this section a definition of
biequivalence satisfying both conditions. So as to define it, we need to introduce pseudo-
2-functors, pseudo-2-natural transformations and pseudo-modifications.

Definition 4.16. Let C and D be two 2-categories. A pseudo-2-functor F': C — D is the
data of:

e for all A € ob(C, an object F(A) € obD,
e for all A, B € obC(, a functor F': C(A, B) — D(F(A), F(B)),

e for all A € obC, a 2-isomorphism d4 : 1p(a) —=F(1a),

oforall At ~B Y. C in C, a 2-isomorphism vy, : F(g)F(f) —— F(gf)

such that
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4. 2-Categories

S g
e v is natural: for all A E B @ C inC,vp g (F(B)*xF(a) = F(Bxa) vfg.
f g

F(g)F(f) F(g)F(f)
vf ql O \L’Yf, !
F(af) i & F)
o forall A f B-4-C-"-Din C, Yof.h (1F(h) *Vf.g) = Vfhg ('Yg,h*lF(f))’
Ya,h*¥LE ()
F(R)F(g)F(f) F(hg)F(f)
1F(h)*’yf,gl o l”fvhg
F(r)F(gf) S F(hgf)

e for all A4f>B in C, Ya.f (lp(f) *5A) = lF(f) and Yfig (53*1F(f)> = 1F(f)-

1F(f)*6A 63*11:(]0)

E(f) F(f)F(1a) E(f) F(1p)F(f)

© J(,YIAJ © \L’Yf,lB
a0 a0

E(f) E(f)

So, we notice that a pseudo-2-functor is a 2-functor except that, instead of requiring

F(9)F(f) = F(gf) and F(1a) = 1p(a), we ask F(g)F(f) ~ F(gf) and F(14) ~ 1pa),

with some coherent axioms between the 2-isomorphisms.

Lemma 4.17. A 2-functor F' : C — D is a pseudo-2-functor with §4 = Lipa and
Yfg = lr(gs) for all suitable A, f and g in C. Moreover, if c—LE-p-Y.¢ are
pseudo-2-functors, then C CE_ € is also a pseudo-2-functor with 6§% = G(6%) 5g( A)
and 7%5 = G(ng) 'yF( () for all suitable A, f and g in C.

Proof. The first part is obvious. For the composition, it follows directly from the axioms.
For example, we prove the second axiom:

F

Yorn (Larm * 7 ) = Glygpn riny (arm *G(rfy)) <1GF( ) XVED), F(g))

(1F(h *Vfg) ’YF(g) F(f),F(h) <1GF h)*VF(f) F(g)
F
Gy 7f.hg

)
(Vgl,jf,h)
hg)
= G(Vfng) GOrgn * LE(n) Y8 ()P F (o) ( P(o).F(n) * 1GF()

’7

G )
G(Ygn * Lr(r) Ve gy r().F (1) (1GF () * Vi )F(g)
G )

= G(1fng) V). hg) (GOrgn) * 1ar(p) <7F<g>,F(h>*1GF<f>)
=Fhg (Vgn *Lar()) -
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4.2. Pseudo-2-Functors and Biequivalences

The arrows between pseudo-2-functors are called pseudo-2-natural transformations.

Definition 4.18. Let F,G : C — D be pseudo-2-functors. A pseudo-2-natural transfor-
mation 6 : F' = G is the data of:

o forall AcobC,al—cell0y: F(A)—=G(A) in D,

o forall A—'~B in C, a 2-isomorphism 75 : G(f)04 — OpF(f)

such that

f
e 7 is natural: for all AEB inC, 7y (G(a) x1g,) = (1o, * F(a)) 74,

f/
G(a)*1
G(f)0a M G(f)04
Tfl O i‘l'f/
Ol OgF(f'
BF () = 08P ()
o forall AeobC, i, (62*1@‘) = (19A *55),
§Gx1
04— G(14)04
O lﬁf‘
16A*6£
04F(14)

e for all A—f>B—g>C in C,

(oo *7fg) (1o % Lrep)) (Latg) x ) = Tar (VF g * 1o4) -

G()G(f)0a — LT Gg)0pF(f) — 22D 0o F(g) ()
’Yfg*leAi ¢) ilec*vfg
G(gf)0a o 0cF(gf)

As for pseudo-2-functors, a pseudo-2-natural transformation is a 2-natural transforma-
tion except that the naturality is up to coherent 2-isomorphisms. Let us now state their
first basic properties.

Lemma 4.19. Let F,G : C — D be 2-functors and 0 : F' = G be a 2-natural transforma-

tion. Then, 6 is a pseudo-2-natural transformation with 7y = 1g, (s for all A NEN B
in C.

Proof. Obvious since 67, 6, 4¥ and v%’s are identities.
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4. 2-Categories

Lemma 4.20. Let F,G,H : C — D be pseudo-2-functors and let F . G=-H be
pseudo-2-natural transformations. Then, 1p: FF—=F and @6 : F == H defined by

(1r)a = 1pa), T}F = 1p(p), (p0)a = patla and T;fe = (1¢B*T?)(T}p*19A) for all A € obC

and A N B in C, are pseudo-2-natural transformations.

© 0
T *19A lopg*t

ppG(f)0a

7" H(f)paba oB0BF(f)

Proof. Follows directly from definition 4.18. For example, here is the computation for the
last axiom for 8:

(Lgoye * 1) (78 % 1p(p) (L) * 7E°)

(oo * Loo ¥V f o) Qoo * T8 % 1p(p) (78 % Lo * 1p(p) (Li(g) * Lop * 71) (Lr(y) * 77 % 1p,)
= (Ipo * Lo %754 (Lo * 7o % 1p(p) (Loe * Lag) * T4 (78 * Laip) * 10,4) (Lr(g) * 75 * 16,)
= (g * 7o) Lo % 7o % 10,4) (7§ * L) * 10,) (Lr(g) * 7f * 19,)
= (Lpo * Tgf)(Tff * 10A)(Vfg * Lo, x1g,)

0, H
= Tff (Vrig * Lp0)a)-

O

F G
Lemma 4.21. Let C @D@g be 2-categories, pseudo-2-functors and pseudo-2-
F' G’

natural transformations. Then, o x 60 : GF == G'F"’ , defined by

(px0)a: GE(A) 2 G/ (a) L g/ (p(4))
*0
and T}D =
Py Ter(py*16(04) , 1‘PF/(B)*’YGGA,F’(f) y
PEI(A) A PF(B) A PF(B) A
G'(F'(f)) G(0a) G(F'(f))G(04) G(F'(f)0a)
e GOB)G(F(f)) jPlF/(B)GwBF(f))

Yooy *(1807).0)

for all A € obC and A L B in C, is also a pseudo-2-natural transformation.

Proof. This is also easy computations using the axioms of definitions 4.16 and 4.18.

O

Lemma 4.22. Let F,G : C — D be pseudo-2-functors and 6 : F' = G a pseudo-2-natural
transformation. There exists a pseudo-2-natural transformation ¢ : G = F such that
fp = 1g and pf = 1p if and only if 64 is an isomorphism for all A € obC. In this case,
1

* 1921 for all A € obC and A*f>B in C. We call

such a 6 a pseudo-2-natural isomorphism.

_ 1 _ 0
pa =0, and 77 = Loo1 * <Tf)
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4.2. Pseudo-2-Functors and Biequivalences

Proof. The ‘only if part’ is trivial. Notice also that, if such a ¢ exists, we must have

pa = 07" for all A € obC. Moreover, if A—'>B isinC,

Thus,
T :T}p*lgA*lgzl
1
=1y, * (Tf) * 1921.

Therefore, the definition of ¢ is forced. It remains to prove that this so defined ¢ is a
pseudo-2-natural transformation, but it comes directly from the fact that 6 is a pseudo-2-
natural transformation.

O

Eventually, we define pseudo-modifications.

Definition 4.23. Let F,G : C — D be pseudo-2-functors and 0, ¢ : F = G two pseudo-2-
natural transformations. A pseudo-modification = : 6 ~» ¢ is the data of, for all A € ob(, a

/
2-cell 24 : 4 — w4 such that, for all AEB inC, (EpxF(a)) TJQ =15 (G(a)*x=4).
7

G(F)oa—LZ4 Glg)pa
T}?\L O lff
OpF(f) — vBF(g)

EpxF(a)

Remark 4.24. We notice here that, if F and G are 2-functors and if 6 and ¢ are
2-natural transformations, then, a pseudo-modification Z : 6 ~~» ¢ is exactly the same
as a modification 6 ~~ .

As for modifications, we have the following lemmas.

Lemma 4.25. Let F,G,H : C — D be pseudo-2-functors and 0,p,v : FF = G and
X,w : G = H pseudo-2-natural transformations. Let also = : 0 ~» ¢, ¥ : ¢ ~» 9 and
Q : x ~ w be pseudo-modifications. Then, 15 : 0 ~» 0, V= : 0 ~~ 1) and Q* = : x0 ~> wp,
defined by (19)a = 1p,, (¥E)4 = Vpo0=, and (2% E)4 = Qy =4 for all A € obC, are
also pseudo-modifications.

X
s

0
FIEG 49 H
\/

Proof. Essentially the same as lemma 4.13.
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Lemma 4.26. Let F,G : C — D be pseudo-2-functors. Let also 0, ¢ : ' = G be pseudo-
2-natural transformations and = : 6 ~» ¢ a pseudo-modification. Then, there exists a
pseudo-modification ¥ : ¢ ~» 6 such that E¥ = 1, and V= = 1y if and only if 24 is a
2-isomorphism for all A € obC. In this case, Z is called a pseudo-isomodification.

Proof. Essentially the same as lemma 4.15.
O

We are now able to define when two 2-categories are ‘biequivalent’. Recall that we would
like such a notion of ‘biequivalence’ to be an equivalence relation on 2-categories and to
be characterised in the same way it is for equivalences of categories.

Definition 4.27. Let C and D be two 2-categories. A biequivalence between C and D is
the data of:

F
e two pseudo-2-functors C <?> D,
e four pseudo-2-natural transformations 61 : GF = 1¢, 05 : 1¢ = GF,03 : FG = 1p
and 94 1lp = FG,

o four pseudo-isomodifications Zj : 0162 ~~ 11, Zg : 0261 ~ 1gr, 3 : 0304 ~> 11, and
Zy4 1 0403 ~ 1pa.
Definition 4.28. Let F' : C — D be a pseudo-2-functor.

e I is essentially surjective on objects if, for all B € obD, there exists an object
A € obC and an isomorphism hp : F(A)—= B.

F' is weakly essentially surjective on objects if, for all objects B € ob D, there exists
an object A € obC, two l-cells F(A) e g ko F(A) and two 2-isomorphisms

ap: hgkp —=1p and Bp: thBL>1F(A) .

e F is essentially surjective on 1-cells if, for all F(A) —2= F(A’) in D, there exists a

~

lcell A—L~ A inCanda 2-isomorphism g4 : F(f) —=g .

() f
e Fis full on 2-cells if, for all F(A) |B F(A’) in D, there exists a 2-cell A |a A’
F(f") f!

in C such that F(«a) = .

f

F is faithful on 2-cells if for all A @ A’ in C such that F(a) = F(a/), we have
f/

a=a.

With the same idea that any equivalence of categories can be turned into an adjoint

equivalence, we have the following lemma.

Lemma 4.29. Let ' : C — D be a pseudo-2-functor. If F is weakly essentially sur-

jective on objects, then, for all objects B € ob™D, there exists an object A € obC(,
two 1l-cells F(A) Ny gF(A) and two 2-isomorphisms ap : hpkp ——=1p and

63 : k‘BhB s 1F(A) such that OCB*lhB = 1hB *ﬂB and lkB *xap = 6B*1k3-
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4.2. Pseudo-2-Functors and Biequivalences

Proof. Since F' is weakly essentially surjective on objects, we have an object A € obC,
two 1-cells F(A) ——= B —— F(A) and two 2-isomorphisms ap : hgkg — 1 and
B : kphp ——1p(a . It suffices to construct a 2-isomorphism Bp : kphp —— 1p(a)
such that ap x 1y, = 1, x Bp and 1i, * ap = Bp * 1},. Firstly, we can compute

/BjB(B;B *liphp) = (11F<A) * 539)(/8% *lighp) = BJIB * BjB

= (5IB * 11F(A))<1thB */BIB) = B,B(lthB *6/B>

Therefore, B *1iphy = lighy * B Similarly, we can prove that ap* 146, = lhgky *B.
Now, we define the 2-isomorphism Sg as the composition of

1 *ﬂ'_l 1g ,*xapxl B
kphs —2"2"2 o kphpkphp —2— % kphp —> 1p(a).

To show that ap % 1, = 13, % g, it suffices to compute
(5 * Lng)(Lnpkphy * Bp) = ap * Lng * Bp = (1ny * Bp) (a5 * 1hgkphp)
= (Ing * BB)(Anpky * B * 1ng)-

The other equality is similar.

Now, we prove the expected characterisation of biequivalences.

Proposition 4.30. Let F' : C — D be a pseudo-2-functor. F' is part of a biequivalence
if and only if F' is weakly essentially surjective on objects, essentially surjective on 1-cells
and full and faithful on 2-cells.

F
Proof. We suppose first that we have a biequivalence C ? D

e [ is weakly essentially surjective on objects since, if B € ob D, we can set A = G(B),
hp = (03)B, kg = (01)B, ap = (Z3)p and Bp = (Z4) 5.

f
e To see that F is faithful on 2-cells, let A a||o’ A" in C be such that F'(a) = F(d/).
f/
So GF(a) = GF(a') and GF(a) * 1(g,), = GF(a') x 1(,),. Thus,
(Ligy),, * @) 772 =702 (GF(a) * 1(g,),)
=772 (GF(a/) % 1(g,),)
= (1(92)A/ *O/) 7'?2.

Hence, 1(91),4’ * 1(92),4’ * = 1(91),4/ * 1(92)A, * o/ and

o= 11A, *
= ((El)A/ * 1f’) (1(9192)A’ *Oé) ((El)A/_l * 1f)
= ((En)a *1p) (Lga,), *) (En)a ' *1y)
= 11A/ *O/
= Oé/.

Therefore, F' is faithful on 2-cells.
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4. 2-Categories

F(f)
e We now prove that F is full on 2-cells. Let F(A) |8 F(A’) be a 2-cell in D. We
F(f")
set o =
(B1)ar ¥y 1(91)A’*(TJ€2)_1
f———=(0102)nf (01) 4 GE(f)(02)a
llwl)Al *G(B)*1(0y) 4
e (0102) 4 f' o (00)aGE(f)(02)a
(‘—‘I)A/*lf/ l(gl)A’*Tf?
But we know, by naturality of 772, that « is actually
(El)Alil*lf 1(81)A/*(Tf62)_1
f———>(0102)a f (01) 4 GF(f)(02)
il(el)A/*GF(a)*1(92)A
[l (0102)a f’ (01) aGE(f')(02) a

0.

(:‘1)A’*1f’ 1(91>A/*7’f,

Thus, by the same kind of proof we have just done, G(8) = GF(a). But G is also
part of an equivalence. So G is faithful on 2-cells and 5 = F(«). Therefore, F' is full
on 2-cells.

e It remains to prove that F' is essentially surjective on 1-cells: let F(A) — - F(A")

be a 1-cell in D. Weset f = A )y GF(A) ) GF(A) Oy A" . Since we have

(91)A’GF(f)(92)A = (91)A/(92)A/f ~ f. we know that

02)ar (01)ar G(g) (02)a (61)a

02)ar (61)ar GF(f) (62)a (01)a

Hence, since G is full and faithful on 2-cells, g ~ G(f) and F is essentially surjective
on 1-cells.

We suppose now that F' is weakly essentially surjective on objects, essentially surjective
on 1-cells and full and faithful on 2-cells. Let us construct a biequivalence C %D.
By the axiom of choice, we can choose, for all B € obD, an object G(B) € obC,
1-cells FG(B) BNy I FG(B) and 2-isomorphisms ap and Sp given by lemma 4.29.
Since F' is essentially surjective on 1-cells, we can also choose, for all B 2. B i D,

G ~
a 1-cell G(B)&G(B’) in C and a 2-isomorphism e g0, @ FG(9) — kpghp .

g
Since F' is full and faithful on 2-cells, we have, for all B E B’ in D, a unique 2-cell
gl
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G(g)
G(B) |G G(B') in C such that FG(B) =
G(g")

—1
kB/g’hB

1>
kg g hp —=TFG(J) .

ekBlghB lkB/*’B*lhB

FG(g9) —kpghsp

In addition, for all composable l1-cells B —2= B'—%~ B" in D, there exists a unique
G

2-isomorphism G(¢')G(g) o9, G(g'g) such that F(vgg,) =

-1
(75( ),G( /)> €k irg'h g *Ek grghp
F(G(¢)G(g)) —=" FG(¢)FG(g9) ——= kprg'hpkpghp
mlg*li%
FG(d'g) — kprg'ghp
E/Ifj:,,»//g/g’l/3’

§G
Moreover, for all objects B € ob D, there exists a unique 2-isomorphism 1g(p) —Zs G(1p)

such that F(6%) =

-1
(65(3)> 81 eitn
F(lg) — 1ra(s) L > kphp —2£ FG(1p) .

With some computations using the facts that F' is faithful on 2-cells, apx 15, = 15, * BB

and 1, xap = fp*1y, for all B € obD, we can prove that this defines a pseudo-2-functor
G:D—C.

Now, we define 61, 05, 05 and 64 as follows:
e Forall A€ obC, (1)s: GF(A) —— A is given by the essentially surjectivity of F’
on l-cells: e, , 1 F((61)a) — hp(a) . Then, for all At A C, we define

the 2-isomorphism 7'?1 : f(01)a— (61)a GF(f) to be the unique 2-cell such
that F <7’?1> is

1;‘1 A-f N LE(f)*hpa
F(f (61)4) SO0 F(H)F((01) ) — 0 PR

-1
aF(A/)*lF(f)*th(A) \L

hpanyFGF(f) - hpankeanF(f)hpa

1hF(A,)*€;F(A/)F(f)hF(A)

-1
by e |

F((01)a)FGE(f)

F((01)ar GE(f)).

TGF(£),(01) o1
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4. 2-Categories

e Forall A€ ob(C, (62)a: A——= GF(A) is also given by the essentially surjectivity
of I on l-cells: eg,,, + F((62)a) — kp(a) . Then, for all At C, we
define the 2-isomorphism 7'?2 : GF(f) (62) 4 —— (62)ar [ to be the unique 2-cell
such that I <7’?2> is

-1
(7{; ) ,GF(f)) 1FGF(f)*‘gkl—"(z‘ﬂ
F(GF(f) (02)4) 22 FGF(DF(62).4) FGF([hray

Sk pan FDhpa) o (a) l

kpanF (f) oy PR ) kpanE (f)hraykra)
6’:;(A’) *IF(f)l
F((62)a)F(f) F((02)a f).

F
T$.(02) 47

e For all B € obD, we set (f3)p = hp : FG(B) —= B and for all B—> B’ inD,

we set 7'33 =

_ —1
aB,l*lg*lhB lhBl*EkB/ghB
ghp ——— hp'kp ghp

hB/FG(g) .

e For all B € obD, we set (A4)p = kg : B—> FG(B) and for all B—> B’ inD,

we set 7994 =

lkB/ *lg*OéB

€kprahp*lip
B
k:B/gth:B E—— k:B/g .

FG(g)kp
We can check that the four of them are pseudo-2-natural transformations since F is faithful
on 2-cells. It remains to construct =, Zo, Z3 and =4:
e For all A € obC, let (E1)a : (0102)4 —=14 be the unique 2-cell such that
F((E1)a) =

( Chp(a)*kp(a)

F<<91>A<62>A>MF((M)F((&Q)A) DT hpaykea

laF(m

Lp(a)-

F(1a)

54

e For all A € obC, let (E2)a : (0201)4 —— lgpea) be the unique 2-cell such that
F((E2)a) =

( Ckp(A)*hE(a)

F<<92>A<61>A>MF((%)F((@QA) T kpayheay
lBF(A)

lrar(a)-

F(lgray)

GF(A)
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e For all B€obD, weset (E3)p =ap: (03)p(0s)p = hpkp——1p .

e Forall B € Ob’D7 we set (E4)B = ,BB . (94)3(93)3 = ]CBhB e 1FG(B) .

It is also easy to check that they are pseudo-isomodifications, which concludes the proof.
O

Remark 4.31. If, in the definition of biequivalence, we ask F' and G to be 2-functors
(instead of pseudo-2-functors) this proof is no longer valid. Indeed, we can prove that
G(9)G(¢") ~ G(gg') but we can not prove that G(g9)G(¢') = G(g¢') even if F is a
2-functor. This is why we have to use pseudo-2-functors if we want such a characteri-
sation.

Corollary 4.32. Let F': C — D be a pseudo-2-functor. F' is part of a biequivalence if and
only if F' is weakly essentially surjective on objects and for all A, B € ob(C, the functor
F:C(A,B) - D(F(A),F(B)) is an equivalence of categories.

Proof. This is proposition 4.30 since an equivalence of categories is a full, faithful and

essentially surjective functor.
O

Corollary 4.33. Let F : C — D be a pseudo-2-functor essentially surjective on objects
and 1-cells and full and faithful on 2-cells. Then, F' is part of a biequivalence.

Proof. It is obvious that if I is essentially surjective on objects, then it is weakly essentially
surjective on objects. Hence, it is proposition 4.30.
O

We conclude this section with this result, announced earlier.

Proposition 4.34. Biequivalence is an equivalence relation on 2-categories, i.e. it is
reflexive, symmetric and transitive.

Proof. e Reflexivity: It suffices to consider the 2-functor 1¢ : C — C.

e Symmetry: Follows directly from the definition 4.27.

e Transitivity: Let C Fop g be pseudo-2-functors satisfying properties of
proposition 4.30. We have to prove that F'F also satisfies them. The facts that F'F is
essentially surjective on 1-cells and full and faithful on 2-cells follow directly from the
corresponding properties for F' and F’. Hence, it remains to show that F'F is weakly
essentially surjective on objects: Let C' € ob&. Since F’ is weakly essentially surjec-

h! k!

tive on objects, there exists an object B € obD, l-cells F'(B) —= C —> F'(B)

in £ and 2-isomorphisms ag, : hipke, ——1¢ and B kphi —— 1p/) . More-

over, since F' is weakly essentially surjective on objects, there exists an object A in
h k ~
C, l-cells F(A) —2> B —2~F(A) and 2-isomorphisms ap : hgkp — 1p and

O : kghp s 1F(A) . Let us set Ho = h/CF/(hB) and Ko = F/(kB)k/C.

h/ k/ /
Frra) 2 prpy Lo o fol prp) TR prpay

~_ o T "~ o 7

Hc K¢

F'(hp)
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4. 2-Categories

Let also Ho K¢ Ac 1c be

’
]'h/ *’y]f‘B’hB*lk/ 1h’ *F/(OCB)*]-;C/

LF (hp)F (kp)kL, WL F (k)KL L F (15K
ilhb*(égl)l*lké
¥, " cke
¢
and KcHoilF/F(A) be
F (ko () 2 08 o () B2 )
iF’(ﬂB)
Lpipa) F'(1pay)

(55@))71

Since they are 2-isomorphisms, this proves that F'F is weakly essentially surjective
on objects.
O

Notation 4.35. If C and D are two biequivalent 2-categories, we write C ~ D.
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5 Sinh's Theorem

After all those definitions, we are now able the start the classification of cat-groups. We
know that a small cat-group G is a groupoid with a weak group structure on its ob-
jects. So, isomorphism classes of objects form a group IIp(G). Moreover, we know that
I1,(G) = G(I,1) is an abelian group and we are going to describe an action of IIp(G) on
it. Unfortunately, this information is not enough to reconstruct G. Actually, there exists
two different small cat-groups G and G’ with IIp(G) ~ Ip(G’) acting in the same way
on IT;(G) ~ I1;(G’). So, we will need to define one more invariant, called the Postnikov
invariant of G. This is an element a in the third cohomology group H?3(I1o(G),I11(G)) de-
termined by the isomorphisms axyz : (X QY)®Z—>X® (Y ® Z). We will prove
in this chapter that the triple (IIp(G),I1;(G), a) determines the small cat-group G, up to
monoidal equivalence.

We notice here that we want IIy(G) to be a group, hence, in particular, a set. This
is why we can only classify small cat-groups. Fortunately, this is not a serious problem.
Indeed, if we consider two particular (not necessarily small) cat-groups and if we want to
compare them with the classification theorem we are going to prove, we can change our
Grothendieck universe U in order to consider them as small cat-groups. We are not going
to explain more details about that here, but this is why we will only work with small
cat-groups in this chapter.

5.1 The 2-functors II; and Il

Recall that we have defined CG as the 2-category of small cat-groups, monoidal functors
and monoidal natural transformations. We now define .7°(CQG) as the category of small
cat-groups and classes of monoidally naturaly isomorphic monoidal functors. Hence, if G
and #H are small cat-groups, J(CG)(G,H) = {monoidal functors F' : G — H}/~ where
F ~ F’ if and only if there is a monoidal natural isomorphism « : F' = F’. Thus, two
small cat-groups are isomorphic in #(CG) if and only if they are monoidally equivalent.

Definition 5.1. Let Gp be the 2-category of groups, where the only 2-cells are the iden-
tities. We have a 2-functor Ily : CG — Gp defined as follows. If G is a small cat-group,
IIy(G) is the set G/~ where X ~ Y if and only if X and Y are isomorphic in G, for all
X,Y € obG. The group structure on Il(G) is given by 1 = [I], [X]-[Y] = [X ® Y] and
[X]71 = [X*] for all X,Y € ob@. It is easy to check that these operations are well-defined
and that they turn IIy(G) into a group.

If F: G — H is a monoidal functor between cat-groups, then, ITy(F) is

o(F): To(G) — I(H)
[(X] = [F(X)].

It is well-defined since F' is a functor and it is a group morphism since F' is monoidal.
Now, if o : F' = G is a monoidal natural transformation in CG, then, IIy(F) = IIp(G)

since ax : F(X)—= G(X) is an isomorphism for all X € obG. So, we can define ITy(c)
as 1H0(F)'
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5. Sinh’s Theorem

This defines a 2-functor Iy : CG — Gp and a functor Il : 5#(CG) — Gp.

As we have said before, IIp(G) encodes the weak group structure on the objects of G
given by ®. We are now going to introduce the 2-functor II;.

Definition 5.2. Let Ab be the 2-category of abelian groups, where the only 2-cells are the
identities. We have a 2-functor Iy : CG — Ab defined as follows. If G is a small cat-group,
we set I11(G) = G(I,I) where the group law is the composition. It is an abelian group by
proposition 2.11.

If F: G — H is a monoidal functors between cat-groups, then, II; (F') is

(F): G(I,I)— H(I,I)
f = F VF(f) Fr.

Now, if @ : F' = G is a monoidal natural transformation in CG, then, II;(F') = II;(G)
since

Wi(F)(f) = Fy ' F(f) Fr = G7'ar F(f) a7' Gr = G G(f) Gr = L (G)(f)

for all f € G(I,I). Therefore, we can define Ilp() as 1y, ().
This defines a 2-functor II; : CG — Ab and a functor II; : 2 (CG) — Ab in view of
proposition 2.14.

Let us recall the isomorphisms v and § from proposition 3.14.

Reminder 5.3. If G is a cat-group and X € ob G, we have two group isomorphisms:

1.
vx: G = G(X,X): frlx (folx) Iy
Tx' G, X) 5 G D) gy (9@ 1x+) ix

ox : G(I,LI) - G(X,X): frorx (Ix® f)ry'
6yt G(X,X) = G(I,I): g ex (1x-®g) ey
Moreover, these isomorphisms are natural, i.e. if f € G(I,I) and g € G(X,Y), then,

g vx(f) = w(f) g and g dx(f) = dy(f) g (this follows from the facts that [ and r are
natural). We also have that v; = 6y = 1g(; ) since r; = IJ.

We can now define an action Ip(G) x I1;(G) — I11(G).
Definition 5.4. Let G be a small cat-group. For all [X] € IIp(G) and f € II;(G), we set
[X]- f =75 (0x(f) = ix' (rx ® Ly )(1x @ f) © 1x+) (ry! @ Lx+)ix € Ii(G).
This definition does not depend on the representative X € [X] since if X ~ Y in G, then,
Y (6x(f)) = 75 (8y(f)) by proposition 3.22. Indeed, if X —? .Y is an isomorphism
in G, then
iv' (ry ® 1y+) (ly ® f) @ 1y+) (ry' @ Ly+) iy
=ix (7@ (g ) ) rvely) (ly e fl@ly:) ! @ ly+) (9@ (971)) ix
=iy (rx@1x) (g7 @1n @ (g™)) ™) (ly ® f) @ 1y+)
(ge1n®(g7h)") (ry' ® 1x+) ix
=iy (rx @1x+) (Lx ® f) ® Lx+) (ry" @ 1x-) ix.
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This defines an action of IIy(G) on 113 (G) since [I|- f = f and [X]|-([Y]-f)=[X QY] f
for all X, Y € obG and f € II1(G). The last identity is due to the fact that we can choose
the adjunction of example 2.23 to define [X ® Y] - f since, as we have just proved, it is
equivalent to use the actual adjunction (X @ Y, (X @ Y)*,ixey,exgy)-

Definition 5.5. Let G be a group. A (left) G-module is an abelian group A with a left
action of G on A such that ¢g- (a1 +a2) = (g-a1) + (g ag) for all g € G and a1, a9 € A.

If G is a small cat-group, I11(G) is a I1y(G)-module since [X] - (gf) = ([X] - g) o ([X] " f)
for all X € obG and f,g € G(I,1).

Proposition 5.6. Let F' : G — H be a monoidal functor between cat-groups. Then, we
have the following statements.

L IL(F)(f) = vl (F(F)) for all f € L, (Q).
IL(F)(s - f) = Io(F)(s) - I (F)(f) for all s € lp(G) and f € I11(G).
F is essentially surjective on objects if and only if IIy(F') is surjective.

F is faithful if and only if IT; (F') is injective.

AN

F is full if and only if IIp(F') is injective and IT; (F") is surjective.
6. F is part of a monoidal equivalence if and only if ITp(F') and II; (F') are isomorphisms.
Proof. 1. First, notice that, if h € H(F(I), F(I)), then
it YE(I) (75(11)(@) = 71(71;(11)(71)) F
since v is natural. Therefore, h F; = Fy 7;(11)(h) since y; = lg,r). If we set
b= F(f), we have T (F)(f) = 75l (F().
2. Let X € s. So s = [X]. By what we proved in point 1, we can compute
ik (FOR X () @ L
= Ity FUx) Frx (Fr @ 1pex) (vt (FOXOX (D)) @ Lrg))
Ix) Frx (F(yx'Ox(f)) ® 1px)) (F1®1px))

F(

7ZF(1X) F(
_lF(lx) F(lx) F (v (0x(f)) ® 1x) Fr.x (F1 ® lpx))

F(

F(

= liix) FOx(f)) Flx) Frx (F1®1p(x))
= lix) FOx () lrex)

= VF(X)( (6x(f))) ® 1px)-
Hence, by lemma 3.4.1, 772, (F(vx (6 (1)) = 75, (F(3x (1))):
Moreover, we can also compute
510 (Vpin (F(F))) = 8p0x) (Y (F()) Trxy (L) @ Fi) Fch F(ry')

=rpx) (lpx) ® ’YF(II)( (1) Ape) @ Fh) Fly Firgh)
=rpx) (lrx) @ Fp h (g Fx) ® F(f)) ﬁ);,ll F(ry')
=rpx) (Lroxx) ® Fi 1) Fy 11 F(lx ® f) F(ry")
= F(rx) F(lx ® f) F(ry')
= F(6x(f))-
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Therefore,
Tt (FOR 0x () = 75 Oro0 (it (FUO)),
and so I (F)([X] - f) = o (F)([X]) - IL (F)().

. By definition.

. The ‘only if part’ is trivial. Let us prove the ‘if part’. So, we suppose that II;(F')

is injective. In other words, the function F': G(I,I) — H(F(I), F(I)) is also injec-
tive. Let X € obG and f,g € G(X,I) such that F(f) = F(g). Thus, F(gf~!) =
F(g)F(f)™' = Lpy = F(11). Hence, gf ' =17 and g = f. Therefore, the function
F:G(X,I)— H(F(X),F(I)) is injective. Now, we can prove that F' is faithful. Let
fy9 € G(X,Y) such that F(f) = F(g). Then,

Since F': G(Y*®X,I) » H(F(Y*®X), F(I)) is injective, ey (1y+® f) = ey (1ly+®g)
and ly- ® f = 1y« ® g. We conclude by lemma 3.4.1.

. Firstly, we suppose Fis full. The fact that II; (F') is onto is obvious. Let us prove that

IIy(F) is injective. Suppose that there exits X,Y € ob G such that [F(X)] = [F(Y)].
So F(X) ~ F(Y) and X ~ Y since F is full. Thus [X] = [Y] and IIy(F) is injective.
Suppose now that IIo(F) is injective and II;(F) is surjective. The last condition
implies that the function F' : G(I,1) — H(F(I), F(I)) is surjective. Let X € obG.
We first prove that F' : G(X,I) — H(F(X),F(I)) is onto: let g € H(F(X), F(I)).
Hence F(X) ~ F(I) and X ~ I since IIy(F) is injective. So, there exists h € G(X, I).
Thus gF (h)~! € H(F(I), F(I)). By assumptions, there exists k € G(I,I) such that
F(k) = gF(h)~'. Therefore, F(kh) = g and F : G(X,I) — H(F(X),F(I)) is
surjective.

Now, we can prove that F'is full. Let g € H(F(X), F(Y)). Since
F(€y) ﬁy*,y (1F(y*) X g) ﬁ;*l,X . F(Y* ® X) — F(I) ,

there exists a h € G(Y* ® X, I) such that F(h) = F(ey) Fvy*’y (1r@- ®9) ﬁ;*lx-
We consider the arrow

—1
Ty ®1lx ay,y*, X 1y ®@h

l
X1 XE Yoy )eX Yo Y*oX) 22y el—2-Y.

So, it remains to prove F' (ry (Iy ® h) ay=yx (iy ® 1x) l)}l) =g
F(ry) F(ly ® h) F(ay-yx) F(iy ® 1x) F(ix)™!
=F(ry) Fy1 (1py) @ Fley)) (Ipy) ® Fy=y) (1pry) @ (Ipy+ ® 9))
(lpey ® Fyl ) Fryrex Flay«yx) Fliv © 1x) F(lx)™"
=rp) (Lrey ® Fr 1) (L) @ Fley)) (Lpgy ® Fy-y) (Lepy ® (Lpy-) @ 9))

ary)Frrx) (Fyye @ 1pon) Frby.  Fliy ® 1x) F(lx)™



5.2. Postnikov Invariant

=rp) (lry) ® Frh (1ry)y @ Fley)) (Ipy) ® Fy-y) Ap(y),F(Y*),F(Y)
(rayere ®9) (Fyy. ® 1px) (F(ZY) ® 1px)) Fry Flx)™
=rpy) (lry) ® F (Ipvy ® Fley)) (Lpy) @ Fy+y) ap(y),F(y+),F(Y)
(Fyye ®1rr) (rsys) © 9) (Fliy > ® 1F ) Frx Fix)™
=7rp) Lpy) @ F Y (1ry) ® Fey)) FYY*®Y Flay,yy) ﬁY@Y&Y
(F(iy) ® 1pyy) (lpay ® 9) FI,X F
ey (Lpy) ® Y 15;} F(ly ® ey
(Ir(n ®g) (Fr ® 1p(x)) l;(lx)
F(ry) F(ly @ ey) Flayy+y) Fliv ® Iy) Fry (F @ 1py) (11 ® 9) lp/y,
F(ly) Fry (F1 ® lppy) Up (ly) g
g-

Ix

(Ix)~"
) Flayy-y) Fliy ® 1y) Fry

6. Follows from points 3, 4 and 5.
O

This proposition says in particular that, ITo(G), I1; (G) and the action of IIp(G) on II;(G)
are invariants under monoidal equivalences, i.e. they do not change (up to isomorphisms)
if we change G by a monoidally equivalent cat-group H. Let us now give some examples.

Example 5.7. Let G be a group. We have defined in example 3.9 the cat-group D(G).
By definition, we know that IIp(D(G)) ~ G and II;(D(G)) is the trivial group.

Example 5.8. Let A be an abelian group. In example 3.10, we have defined the cat-group
Al. We now see that IIp(A!) is the trivial group whereas IT; (A!) = A.

Example 5.9. Let A N B be a morphism of abelian group. Examples 2.7 and 3.12
describe the cat-group Cokerf. It is easy to see that IIp(Cokerf) = B/Im f = Coker f
and II;(Cokerf) = Ker f. Now, we understand why this cat-group is denoted Cokerf.
Moreover, we can see that the action of IIy(Cokerf) on II;(Cokerf) is trivial. Indeed, if
[b] € TIp(Cokerf) and k € II;(Cokerf), we have

0] - k=, 18, LK) =, L(k) = —ip + k +ip = k.

5.2 Postnikov Invariant

As announced earlier, we have to define one more invariant: the Postnikov invariant. This
is an element of the third cohomology group H?3(IIy(G),11;(G)). Of course, we are going
to introduce the cohomology of groups in the beginning of this section. Then, we will
propose two equivalent definitions of this invariant. One is from J. Baez and A. Lauda in
[1], whereas the second one is due to H. X. Sinh in her thesis [14].

Definition 5.10. Let G be a group and A a G-module. We define, for each n € Z,
the abelian group of n-cochains C™(G, A) as the trivial group 0 if n < 0 and, if n > 0,
as the group of functions f : G — A such that f(s1,...,si-1,1,Si+1,...,5,) = 0 for all
ie{l,...n}and sq,...,s, € G. The group law is the obvious one, i.e. (f+g)(s1...,8,) =
f(s1y--.y8n) +9(s1,...,8,) forall sq1,...,s, € G.
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Now, for each n € Z, we define the coboundary homomorphism
6 : C™(G,A) — C"THG, A).
If n <0, 6, is the trivial homomorphism. If n > 0, then,

5n(f)(sla ceey sn-i-l)

= (*1)71Jrl (81 f(s2,- 8n41) + Z(*l)if(sla ooy 8im1, (8iSi41)5 Si42, -+ Snt1)

i=1
+ (=) f (s, .., sn)>

for all f € C"(G,A) and sq,...,s,+1 € G. Obviously, they are group homomorphisms.

Lemma 5.11. Let G be a group and A a G-module. We consider the coboundary homo-
morphisms of definition 5.10.

c—= C(G, A) = O (G, A) iz S OnR2(GLA) ——
Then, ;41 09, =0 for all n € Z.

Proof. If n < 0, it is trivial. So, we can suppose n > 0. Let f € C"(G,A). For all
S1y.-.,8p+2 € G, we have

(_1)n+2 6n+1(5n(f))(51) ) Sn+2)
=51 (0nf)(s2,...,8n+2) — (Onf)(s152,- .-, Snt2)

n
+ E (Onf)(s15--,8j8j41, -, 5n+42)

+(_1)n+1(6nf)(31a"'75n+15n+2)+(_ )"“(5 51505 8041)

= (—1)n+1<8132) . f(83,...,8n+2 n—i—lz 82,...,8i+18i+2,...78n+2)
+ 51 f(s2,- 0 Sng1) — (—1)" T (s152) - f(83, o Sng2) + (1) f(s1s83, ., Snya)
- nJrlZ 3132,.--,3i+187j+2,..-,3n+2)_f<3132,~--,3n+1)
n
+ Z(_l)]+n+181 ’ f(527 s 858541,y STH-Q)
j=2
n j—2
B s e et P
7j=2 =1
n
+Z( D)™ f(s1, .0, 8521878415 - Snt2)
j=2
n
+ Z( 1)n+2j+1f(81, e 3 858415542, - - ,8n+2)
j=2
n n ‘ ‘
+ Z (=1 T f (s, o 858 41y ey Sid 18042, - -+ Snt2) +
j=2i=j+1
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n
S A1 sy )
=2
n—1
+ 51 f(52,.. ., 8n115042) + Z(—l)zf(sl’ cey 8iSiqls e Snt1Sn+2)
i—1

+ (=D f (515 s SnSni1Sni2) + (=) f(s1,...,5,)
— 51 f(82,- o 8ng1) = D (=1 f(s1, 0 8isign - sngn) — (1) f(s1,. 0 8n)
=1
=0

since every term appears twice with opposite signs.
0

Definition 5.12. Let G be a group and A a G-module. By lemma 5.11, we have a cochain
complex:

...HC”_l(G,A) gcn(G’A) LCM—I(G, A) - ...

We define B"(G, A) = Imé,,—1, Z"(G,A) = Kerd,, and H"(G,A) = Z"(G,A)/B"(G, A)
for all n € Z. In other words, H"(G, A) is the cokernel of the inclusion Im §,,_1 < Ker ¢,.
Elements of B"(G, A) are called n-coboundaries while elements of Z"(G, A) are called
n-cocycles. The group H™(G, A) is the n'" cohomology group.

Remark 5.13. Let G be a group and A a G-module. We consider the group ring Z[G].
We also view Z as a G-module where G acts trivially on Z. Thus, since Z and A are
G-modules, we can consider them as Z[G]-modules. With this frame work, we can prove
that Exty, (zZ,A) = H"(G, A) for all n > 2. We do not give more details here, since we
will not use this later.

Remark 5.14. Let G and G’ be two groups, A a G-module and A’ a G’-module. Let
also eg : G——=G' and ey : A——= A" be two group homomorphisms such that
e1(g-m) =eo(g) -e1(m) for all g € G and m € A. Then, A’ is a G-module by the action
g-m' =go(g)-m for all g € G and m' € A’. Moreover, for each n € Z, ¢y and &, induce
two group homomorphisms 5" : Z"(G', A’) — Z"(G, A") and e1™ : Z™(G, A) — Z"(G, A"),
respecting the quotient. So they give rise to the two group morphisms

5" H'(G, A) — H™G,A)

[FT = (s1,-- - 8n) = f'(e0(s1), - - €0(sn))]
and
7" H'(G, A)— H"(G, A
T = 81,0 580) = e1(f (51,05 80))]
for all s1,...,s, € G.

We will be in particular interested in the third cohomology group. This is the reason
why we have the following definition.
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Definition 5.15. Objects in the category H3 are the triples (G, A, a) where G is a group,
A a G-module and a € H3(G, A). Morphisms ¢ : (G, A,a) — (G', A’,a’) in H3 are the
pairs € = (g9,€1) of group homomorphisms ¢y : G — G’ and 1 : A — A’ such that
e1(g-m) =eo(g) - e1(m)
for all g € G and m € A and satisfying
e’(a) =%0°(d) € H(G, A)).
Compositions and identities are the obvious ones.

Remark 5.16. e Morphisms in H3 are pairs of group homomorphisms ¢ = (g¢,&1)
preserving the action of G on A and preserving the element a € H3(G, A).

e ¢ is an isomorphism if and only if g and € are group isomorphisms.

We want to associate to each small group G, a unique (up to isomorphism) object of H3.
We already have G = IIp(G) and A = I11(G). It remains to define a € H3(IIy(G),11(G)). It
will come from the associativity isomorphisms axyz: (X ®Y)®7Z ——=X@ (Y ® Z).
We present now two different ways to define it.

5.2.1 Baez-Lauda’s Definition

Firstly, we present a definition of this Postnikov invariant due to Baez and Lauda in [1].
It is based on the fact that, up to monoidal equivalence, we can assume X ~Y = X =Y,
Ix =rx =1x and ix =17 for all X,Y € ob@.

Definition 5.17. A category C is skeletal if, for each pair of objects X, Y € obC such that
X ~Y, then, X =Y.

Definition 5.18. Let G be a cat-group. We say that G is a special cat-group if
e (G is skeletal,
o [x=rx=1x andix = 1; for all X € obg.

In [1], Baez and Lauda asked also that ex = 1y for all X € ob§G. But, with this
additional assumption, we will not be able to prove that every cat-group is monoidally
equivalent to a special one. This is why we do not require it here.

Definition 5.19. Let G and H be two special cat-groups. A special monoidal functor
F : G — H is a monoidal functor such that F; = 1;. Since the composition of special
monoidal functors is still a special monoidal functor, we have the 2-category SpCG of
small special cat-groups, special monoidal functors and monoidal natural transformations.
Hence, we have an inclusion 2-functor SpCG — CG.

Example 5.20. Let G be a group. Clearly, D(G) is a special cat-group since the only
arrows are identities.

Example 5.21. Let A an abelian group. A! is a special cat-group if we choose iy = 1.

Example 5.22. Let A—f> B be a morphism of abelian groups. Cokerf is a special
cat-group if and only if f(a) =0 for all a € A and i, = 15 for all b € B.
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5.2. Postnikov Invariant

Now, we want to prove that every cat-group is monoidally equivalent to a special one.
To do so, we need the following lemma.

Lemma 5.23. Let G be a cat-group. Suppose that, for all objects X,Y € ob G, we have an
object X®Y € ob G and an isomorphism vy y : X®Y ——= X ® Y . Then, there exists a

unique cat-group structure G = (G, ®, I ,l, Foa, %1 ,€) on the category G such that
e the functor ® is actually defined by the given object X®Y for all X,Y € obg,

e the functor F : G — G defined as the identity ' = 1g on the underlying categories
and equipped with Fr = 17, Fxy = yx,y and Fy = 1x= for all X, Y € obG is a
cat-group functor.

Moreover, this F'is part of a monoidal equivalence.

Proof. Let us prove first the uniqueness. Since F7 = 17, we know that I = I. Moreover,
by definition 2.12, we must have lX =lx v,x, "X =Tx VX1, f®g = ’YX, Y (f®9) vxy
and

axy,z = (1X®’Y§lz) 7)_(13/@2 axyz Vxev.z (Yxy®1z)

for all X,Y,Z, X", Y" € obg, f € Q(X X') and g € G(Y,Y”’). In addition, by definition
3.16, we have X* = X* ix = ’VXX* ix and éx = ex 7yx+x for all X € ob@G since
F% = 1x+. Therefore, such a cat-group structure is unique.

For the existence, it suffices to check that the definitions above imply that G is a cat-

group and that F' is a cat-group functor. For example, for the Triangle Axiom, we can
compute, for all X,Y € obgG:

(Ix®ly) ax 1y = Vxy (Ix @Iv) 7x 16y (1x®773) Yx 10y ax.1y Yxery (1x,1®1y)

)
= 'YXy lx®ly) (Ix ® ’yf;lf) axry (vx1®@1y) Yxary
)

(
(
= ’YXy (Ix®ly) axry (vx1®1ly) Yxary
= WXY (rx ® 1y
(

) (vxr @1y) Yxery
)

—'YXY Tx ® ly TxX®I1Y

:Tx®1y.

The fact that F' is part of a monoidal equivalence follows from proposition 2.19.
O]

Proposition 5.24. Every small cat-group is monoidally equivalent to a small special cat-
group.

Proof. Let G be a small cat-group. Firstly, we prove that G is monoidally equivalent to
a small skeletal cat-group. By the axiom of choice, we can choose, for all s € II(G), a
representative X; € s such that X = I. For each Y,Z € obg, let Y Q' Z = Xiyez)
By lemma 5.23, we can suppose, without loss of generality, that X, ® X; = X for all
s,t € Il(G). Let G’ C G be the full subcategory with {Xs|s € IIp(G)} as objects. Restric-
tions of ®, I, r and a to G’ make (G',®,I,l,7,a) be a monoidal category. Moreover, by
proposition 3.5, we can extend G’ to a cat-group. Since the inclusion G’ < G is monoidal,
essentially surjective on objects, full and faithful, G’ is monoidally equivalent to G. Since G’
is skeletal, we can suppose, without loss of generality, that G is a small skeletal cat-group.
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5. Sinh’s Theorem

Now, let XQY = X ® Y and

It i X=l
Yxy =47y if Y=I

lxgy otherwise

for all X,Y € ob§. Notice that this is well-defined since l[_1 = rl_l. Now, we can replace
G by G of lemma 5.23 and we obtain l~X =lIx vi,x = 1x and 7x = rx vx,; = 1lx for all
X € obg. Finally, we change G by lemma 3.4.2 and corollary 3.28 in order to have ix =11

for all X € obg.
O

Special cat-groups have some really nice properties, which will be helpful to construct
the Postnikov invariant. We will often use the following lemma without referring to it.

Lemma 5.25. Let G be a special cat-group. Then, we have the following properties.
1. fg=gf forall f,g € G(X, X).
2. (1i®f2)® f3 = fi® (fa® f3) for all morphisms fi, fa, f3 in G.
3. axyr=oaxy =arxy = lxgy forall X, Y € obg.
4. f@1l;=f=1;® f for all morphisms f in G.
5. fog=fgforall fige G(l,I).
Proof. 1. This is corollary 3.15.

2. By point 1 and naturality of a. Notice that, since G is skeletal, for all i € {1,2,3},
fi € G(X;, X;) for some X; € obgG.

3. ax, 1y = lxgy follows from the Triangle Axiom. The two others identities come
from lemma 2.10.

4. This is naturality of [ and 7.

5. We can compute f @ g = (f®171)(1;®g) = fg.
O

We have proved that any small cat-group is monoidally equivalent to a small special
cat-group. Now, we prove that a monoidal functor between special cat-groups is naturaly
isomorphic to a special one.

Proposition 5.26. Let ' : G — H be a monoidal functor between special cat-groups.
There exists a special monoidal functor H : G — H and a monoidal natural isomorphism

a: F==> H . Moreover, this H is part of a monoidal equivalence if and only if F is.

Proof. As a functor, let H = F. Since H is a special cat-group, F(I) = I. So, we can
define Hy = 17 € H(I,I). Then, for all X, Y € ob G, we set

(1p(x)®F1)®1pey)

Hxy: HX)@ H(YY)=(F(X)®I)® F(Y)

(F(X)®F(I))® F(Y)
)@ F

HX®Y)=F(X®Y) F(X)® F(Y)

Fxy
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Note that for all f € G(X,X) and g € G(Y,Y'), since ﬁx,y(F(f) ®F(g)=F(f® g)ﬁx’y,
we have F(f) ® F(g) = F(f ® g) by lemma 5.25.1. Naturality of H follows from this
observation and lemma 5.25.1. To see that H commutes with the associativity isomor-
phisms a, it suffices to use lemmas 5.25.1 and 5.25.2. Then, we know that H commutes
with the isomorphisms r and ! since ﬁXJ =1px)® FI_1 and ﬁ[,X = FI_1 ® 1p(x) imply
IA:iX,[ =lux) = IA-L,X for all X € ob G by lemma 5.25. Therefore, H is a special monoidal
functor. Now, we define a : FF==H by ax = lpx) ® FI_1 for all X € ob§. Again,
lemma 5.25 implies that « is natural and monoidal. Finally, since H = F' as functors, H
is part of a monoidal equivalence if and only if F is.

O
Corollary 5.27. The two 2-categories CG and SpCG are biequivalent: CG ~ SpCG.

Proof. We consider the inclusion 2-functor SpCG — CG. Proposition 5.24 says that it is
weakly essentially surjective on objects. It is essentially surjective on 1-cells by proposition
5.26. Moreover, this inclusion is trivially full and faithful on 2-cells. So, by proposition
4.30, CG ~ SpCG.

O

We are now able to define the Postnikov invariant of a small cat-group. We begin to
define it for special ones.

Proposition 5.28. Let G be a small special cat-group. Since G is skeletal, IIp(G) = ob G
as sets. Then, the function

d: Ty(G)? — T (G)
(7,8,8) = Qrst @ Lipgp)—1

belongs to Z3(II(G), 111 (G)). We call [a] € H3(IIo(G),111(G)) the Postnikov invariant of
G.

Proof. By lemma 5.25.3, @’ € C3(IIp(G),I11(G)). It remains to prove that d3(a’) = 0. This
is nothing but the Pentagon Axiom: for all r,s,t,u € IIp(G),

63(a)(r, s,t,u) = (r-d'(s,t,u)) od'(rs,t,u) L od (r,st,u) od (r,s, tu) "L od (rs,1)
=(1; ® astu ® Ligpy)-1 @ 1-1) 0 (a;sl,t,u ® L(rstuy-1) © (r,stu @ L(pgtuy-1)
0 (@50 ® Lrstuy 1) © (st © Lipapy1)
= (1r @ astu @ Lpgruy-1) © (@rstu @ Lipspuy-1) © (Arst @ 1y @ Liggp)—1)
0 (A0 @ Lirstuy-1) © (Grg g @ Lipspuy—1)
= lrstu @ L(pspu)—1
=1j.

O

We want to associate to each small cat-group G an element of H3(IIo(G),T11(G)). We
do it in the following way:.

Definition 5.29. Let G be a small cat-group. By proposition 5.24, we have a monoidal
equivalence F' : G — H where H is a small special cat-group with Postnikov invariant a’.
The Postnikov invariant of G is the unique element a € H3(I1y(G), I11(G)) such that

(o (F), Iy (F)) : (To(G), T11(G), a) — (Ho(H), Iy (H), ')

is an isomorphism in H?3 (see proposition 5.6).
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Remark 5.30. e The element a € H3(I1y(G), I11(G)) making (IIo(F), II; (F)) an arrow

in H3 is unique since isomorphisms IIp(F') and IT; (F') induce isomorphisms Iy (F')
and Iy (F )3.

Definition 5.29 is compatible with definition 5.28 since, if G is special, it suffices to
consider the monoidal equivalence 1g: G — G.

Postnikov invariant of G might be defined only up to isomorphism. Indeed, if we
consider an other monoidal equivalence F’ : G — H' with H’ a small special cat-
group, this could define an a’ # a € H3(I1p(G),I11(G)). Next proposition will tell us

that, up to isomorphism in H3, these are actually the same element.

This is an invariant since, if we have two monoidally equivalent small cat-groups G
and G’, the next proposition says that (IIo(G),I11(G), a) and (Ip(G'),111(G’),a’) are

isomorphic in H3.

We should warn the reader here on a surprising fact. If the associativity isomorphisms
ax,y,z of G are all identities, the Postnikov invariant will not necessarily vanish, since
lemma 5.23 will not always let these associativity isomorphisms stay identities.

Proposition 5.31. 1. Let G be a small cat-group. Suppose F} : G — H; and

Fy, : G — H, are two monoidal equivalences where H; and Hs are small special
cat-groups. They induce two Postnikov invariants a1, as € H?(IIp(G),I11(G)). Then,

(o(G),111(G), a1) =~ (Ho(G), 111 (G), az) in H3.

. If G and G’ are two monoidally equivalent small cat-groups with Postnikov invariants

a and o respectively, then, (I1o(G),111(G),a) ~ (IIy(G"), 111 (G"),d’) in 3.

Proof. 1. Let ) and df, be respectively the Postnikov invariants of #; and Ha defined
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in 5.28. It suffices to prove (Ilo(H1), 111 (H1), a}) ~ (I1o(Hz), 11 (H2), ah) in H3. We
know there is a monoidal equivalence F' : H; — Ho. Due to proposition 5.26, we
can assume without loss of generality that F; = 1;. Now, we consider the two
morphisms g = Io(F) : Ilo(H1) — o(Hz2) and e; =111 (F) : 111 (H1) — 11 (He). In
view of proposition 5.6, it remains to prove 7°(a}) = £0°(ah) € H3(Io(H1), 11 (Hz)).
Let

b: Ho('Hl)XHo('Hﬂ — Hl(Hz)
(S,t) — ﬁs,t & 150(515)—1'

This b lies in C?(Il(H1), 111 (Hs)). Indeed,
b(s,1) = Fy1 ® Loy()-1 = Lp(e) ® F[' @ Lpgay1 = 11
for all s € IIp(H1) by definition 2.12 and since F; = 1;. Similarly, we have b(1,t) = 1;

for all t € IIo(H1). Now, let r,s,t € Ip(H1) and ' = F(r), s’ = F(s) and t' = F(t)
in ITp(H2). Let us also denote a; and as respectively for the families of associativity
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isomorphisms of H; and Ho. We can compute:
e1(ay(r,s,t)) 11, (72) 92(0)(7, 5, 1)
=1L (F)((a1)rst ® 1(rst)—1) o (r-b(s, 15))71 o b(rs,t) o b(r, st)fl o b(r,s)
= F((a1)rst @ Lipgpy-1) o (17 ® ﬁsjtl ® (g1 @ Lp-1)
o (Frsy ® Lprgrgry-1) © (ﬁrjslt ® L(prgryry-1) © (Frs ® Lirgy-1)
= (F(a1)rs5) ® L)1) © (L @ L} @ 1(prgpy1)
0 (Frop ® Lirgury1) © (Fyy ® Lrgpry-1) © (Frs @ Ly @ Ly 1)
= (G2)r,5 ¢ @ L(prgryry—1
= aj(eo(r), €o(s), €0(t)).

Therefore, z1°(a}) = g13(a)) + [62(b)] = &0°(ab) € H3(IIo(H1), 111 (H2)) which is
what we wanted to prove.

2. By point 1, it suffices to consider the same small special cat-group H monoidally
equivalent to G and G’ in definition 5.29.
O

Definition 5.32. Due to this proposition, we have a function
IT: (ob%(CG))/ ~— (obfﬁ) =
[G] > [(To(9), 11(G), a)]

where the equivalence relations ~ identify isomorphic objects and a is the Postnikov in-
variant of G.

We will prove in section 5.3 that II is actually a bijection. This will be the classification
of cat-groups.

5.2.2 Sinh’s Definition

We present now the definition of the Postnikov invariant due to Sinh in [14]. It is based
on a coherent choice of representatives X, € s, called a ‘stick’. We are going to prove it is
actually equivalent to Baez-Lauda’s definition.

Definition 5.33. Let G be a small cat-group. A stick (Xs, jx)sem,(g), xeobg in G is the
data of:

e for each s € IIp(G), a representative X; € s,

e for each s € T[H(G) and X € s, an isomorphism X X x
such that,

o Xy =1,

o jx, = lx, forall s € IIp(G),

® jiox, = l}i and jx.or = r;(i for all s € TI(G).

Example 5.34. Every small special cat-group G has a unique stick defined by jx = 1x
for all objects X.
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Example 5.35. Let A be a nontrivial abelian group and let us fix a # 0 € A. We define
G, as the category A! (see example 3.10). The functor ® is defined as in Al,ie. I®I =1
and a1 ® ap = a1 + ap for all aj,ap € A. We set If = r1 = a and ay 77 = 1;. This
makes (G, ®, 1,1, 7,a) a monoidal category which can be extended to a small cat-group by
proposition 3.5. However, this cat-group does not have any stick since we have to choose
jr =0 and jrg;r = —a, which is a contradiction.

Example 5.35 shows that there are some small cat-groups for which there does not exist
any stick. So, as we did for Baez-Lauda’s definition, we will only define the invariant for
small cat-groups having sticks. The definition for other small cat-groups can be made in the
same way of definition 5.29. Indeed, we know we have a monoidal equivalence F' : G — H
where H is a small cat-group having a stick since small special cat-groups have the unique
trivial stick of example 5.34. Moreover, we will see it does not depend of the monoidal
equivalence F' : G — H that we choose to define it on G. Thus, we only need to define
Sinh’s Postnikov invariant for small cat-groups having sticks.

Definition 5.36. Let G be a small cat-group with a stick (X, jx)sermy(g), xeobg- For all
r,s,t € Ip(G), we consider the morphism

JXrs IXrexs®1 AXp,Xs,
ert ﬂter ® Xt et i (XT &® Xs) ® Xt e R Xr &® (Xs &® Xt)
ilm@jxi@xt
ert Xr & Xst

-—1
JXT@Xst

So, we have a function, depending on the stick (X, jx)ser(g), Xcobg>
Zi’ : Hg(g)3 — Hl(g)
(T7 S7t) — 7)_(71,“ (])_(71®X§t (]‘Xr ®j)_(3®Xt) a’XmXSaXt (jXr®Xs ® 1Xt) jer®Xt) °
We now have several things to check:

e This @ lies in Z3(IIp(G),111(G). So we can define Sinh’s Postnikov invariant as
a=[a'] € H*(Iy(G), I (9).

e This a does not depend on the chosen stick (up to isomorphism in I}%)

e If monoidally equivalent small cat-groups G and G’ both have sticks, then, this con-
struction induces the same element in H?3 (also up to isomorphism).

e Baez-Lauda’s definition and Sinh’s definition give rise to the same object in 3 (again
up to isomorphism).

All these facts are immediate corollaries of the following proposition.

Proposition 5.37. Let G be a small cat-group with a stick (X, jx)sery(g), xeobg- Then,
there exists a small special cat-group H and a monoidal equivalence F' : G — H such that,
for all r,s,t € IIp(G), we have

I (F)(@ (r, 5,t)) = o (o (F)(r), o (F)(s), o (F) (1))

where @' is defined in 5.36 for G and a’ is defined in 5.28 for .
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Proof. Let ‘H be the category with elements of IIy(G) as objects and arrows defined as:

His,t) = {é} T et

Compositions are as in G and identities are 15 = (s, 17) for all s € II(G). Let I" =1 in
o(G), s @ t = st and

(s,.f) ®" (t,g) = (3t7 '7)_{51,5 (j)_(sl(g)xt (’YXS (f)® VX4 (g)>sz®Xt))

for all (s, f) € H(s,s) and (t,g) € H(t,t). Since the 4’s are group morphisms, @ is a
functor H x H — H. We know from definition that vx,(f) ® 1x, = vx.ex,(f) and

1x, ® 7x,(9) = 6x.(9) ® 1x, = 7x.(vx (0x.(9))) ® 1x,
= x.0x (7x. (0x.(9))) = 7x.0x.(5 - 9)-
Thus, vx,(f) ® 7x,(9) = (vx.(f) ® 1x,) (1x, ® 7x,(9)) = vx.0x,(f © (s - g)). Therefore,

(5, f) @ (t, 9) = (st, f o (s - g)) for all (s, ) € H(s,s) and (t,9) € H(t,1).
Now, we define [*, 7* and a as follows: for all r,s,t € obH, let 7t = (s,1;) = rI* and

als; = (rst, 7k, Uxlox., (1x ®ix ex,) 0x,x.x (xX,0x. ©1x,) jX,.0x,)) -

It is simple computations to check that (H, QM IH [ M, a”) is a monoidal category. If
we set s* = s~! and i = (1,1y) for all s € obH, we know that we can extend H to have
a small special cat-group (H, @7, I 1% rH o™ «H M M),

We have an equivalence given by

F:G—H G:H—G
X — [X] and s+— X,
X Loy s (s Gy Fix) (5, ) — x, ().
(s =[X]=[Y])

Indeed, FG = 13 and « : 1g = GF defined by ax = j)_(1 for all X € ob@ is a natural
isomorphism. Let F7 = 1% and Fxy = F(jx ® jy) for all X,Y € obG. It follows from
easy calculations that F' is then a monoidal equivalence. Now, it remains to compute

= d/(To(F)(r), Ho(F)(s), o (F)(2)).
O

With Baez-Lauda’s definition, we can not easily know what the Postnikov invariant of a
small cat-group G is. Indeed, we must find a small special cat-group monoidally equivalent
to G to be able to compute it. Now, with Sinh’s definition, if G has a stick (which is a
much weaker condition then being special), we have a complete description of the Postnikov
invariant of G.
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5. Sinh’s Theorem

5.3 Classification of Cat-groups

We prove in this section Sinh’s Classification Theorem of Cat-groups and its corollaries.
Recall that we have defined a function

I (obc%ﬂ(CG))/:H <obﬁ?”)/g
6]+ [(To(9), 11(G), a)]

(see 5.32). Sinh’s Theorem says that this is a bijection. Recall also that two small cat-
groups are isomorphic in ##(CG) if and only if they are monoidally equivalent. So, a small
cat-group G is uniquely determined (up to monoidal equivalence) by IIp(G), II;(G), the
action of I1p(G) on I1;(G) and its Postnikov invariant.

Theorem 5.38 (Sinh’s Theorem, 1975). Let G; and Go be two small cat-groups with
Postnikov invariants a; and ag respectively. If (I1y(G1),111(G1), a1) ~ (p(G2),I11(G2), a2)
in H3, then, G; and Gy are monoidally equivalent.

Proof. By definition 5.29, we can assume, without loss of generality, that G; and Go
are small special cat-groups. Thus, a; and ao are defined as in proposition 5.28. Let

(g0,€1) @ (Ip(G1),111(G1),a1) —— (TTp(G2), 11 (G2), az) be an isomorphism in H3. Since
IIy(G1) = ob Gy and II(G2) = ob Gy as sets, we can construct
F: G —G
s +— eo(S)

f
s——=5 —e1(fR®1;-1)® 150(3).
F' is a functor since €1 is a group morphism. F is essentially surjective on objects since g
is onto. F is faithful since €1 is injective and by lemma 3.4.1. Moreover, F is full since,

if eo(s) —L>¢eo(s) is an arrow in Gy, then F(f) = g where f = erl (g® Loy(s-1y) ® 1
by lemma 5.25.4. Therefore, it remains to prove that F' is monoidal. We will denote by
a1 and ag the families of associativity isomorphisms of G; and Gy respectively. Let us also
denote by

a;: To(Gi)® — T(Gi)
(7’, S, t) — (di)T,S,t ® l(rst)*1

for i € {1,2} the functions of proposition 5.28. Hence, a1 = [a}] € H*(Ily(G1),11(G1))
and ag = [ab] € H3(IIp(Ga), I11(G2)). Since £1%(a1) = 20> (az) € H3(Ip(G1),111(G2)), there
exists a function b : I(G1)? — I11(G2) such that b(1,s) = b(s,1) = 1; and

e1(ay(r,s,1)) + (32(0))(r, s,t) = ay(eo(r), €0(s), €0(t)) (5.1)
for all r,s,t € TIp(G1). Now, we can define F; = 1; and ﬁs,t = b(s,t) @ 1 (s for all
s,t € obGy. The fact that F commutes with I and r follows from b € C*(IIy(G1), I11(G2))

since G; and Gs are special. Due to (5.1), F' commutes also with a; and ag: for all
r,s,t € obGy,

F((a1)rst) Frst (Frs ® 1p@))
= (e1(ay(r, 5,1) @ Legrsry) (0(rs,t) @ Ley(rsry) (b, 8) @ Legrs))
= (b(r, st) @ Lo (rsty) ((r-0(s,1)) @ Legrsy) (az(e0(r), €0(s),€0()) @ leg(rsry) by (5.1)
= Frst (Leg(r) @ b(5,8) ® 1oy ()1 @ Legrst)) (G2) by, 5 (s), 1 (1)
= Frst (Lpe) ® Fag) (a2) ey, m(s), (1)
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5.3. Classification of Cat-groups

Eventually, to see that F is natural, it suffices to check that F(f @ g) = F(f) ® F(g) for
all f € Gi(s,s) and g € Gi(t,t). But we know that
Al ®g @1 @ 1) =e1(yy (L ® gD 14-1))
=e1(7; ' (0s(9 © 11)))
=c1(s- (g ®14-1))
= ¢o(s) - e1(g ® 14-1)
=Yoo (Leo(s) @ €1(9 © 1))
= leg(s) ®E1(g ® 14-1) ® 1 ()1

Therefore,

F(feg) =eal(f®g® Lg-1)® sy
=[E(f®L®L1®1-1)oe(ls®g® L1 ® 11)] ® Loy
=a(felLi®l1®1;-1)@e(ls ®g® 1i-1 @ 1-1) ® 1o(6) @ Leg(p
=e1(f®11) @ 1y(s) @e1(g @ 141) ®@ 1y
=F(f)® F(g).

Thus, F' is a monoidal equivalence.
O

Proposition 5.39. Let (G, A,a) be an object of H3. There exists a small special cat-
group G such that (I1p(G),111(G),d’) = (G, A, a) in H3 where d’ is the Postnikov invariant
of G

Proof. Let G be the category with elements of G as objects and where morphisms are

A ifgr =g
0 if g1 # go.

Composition is the addition in A and identities are 1, = 0 € A for all g € G. G is obviously
a small skeletal groupoid since A is a group. We set ¢’ = g¢’ and a®a’ = a+g-d’ for all
9,9 € G,a€G(g,g9)anda’ € G(¢',¢'). This is a functor since the action of G is distributive
with respect to the group law of A. Now, weset I =1 € G and Iy = ry = 14 = 0 for all
g € G. [ and r are natural by the axioms of a G-module.

Let us consider a € H3(G, A). We know it is represented by a a € Z3(G, A). So, a = [a].

Thus, we can define, for all g1, 92,93 € G, af, ,, .. = a(g1,92,93) : 919293 —> 919293 -

G(91,92) :{

aY is natural, since, for all ¢; I gi, go P2 go and g3 L gs in G, we have

[10(fo®f3) = iR (fotg2-f3) = fitg1-fo+(g192) - f3 = (fi+g1- f2) @ f3 = (/1R f2)® f3.

Moreover, a9 satisfies the Triangle Axiom since a(g1,1,g3) = 0 for all g1, g3 € G. It also
satisfies the Pentagon Axiom since it is exactly the equation d3(a) = 0. Hence, we have a
monoidal category (G, ®,I,1,r,a9). If we set g* = g~* and ig = 17 for all g € G, we know
we can extend it to a small special cat-group (G, ®,I,1,7,a9,%,1,¢).

Obviously, we have IIp(G) = G and I1;(G) = A. Let o’ be the Postnikov invariant of G

defined in 5.28, g = 1 and &1 = 14. To prove that (IIp(G),11;(G),a’) o) (G,A,a) is
an isomorphism, it remains to prove £1°(a’) = 5°(a). So, let g1, g, g3 € G-

€1 (agl,gQ,gg ® 1(919293)71) = &(91792,93) ® 1(919293)*1 = d(go(gl>750(92)750(g3))'
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5. Sinh’s Theorem

Notation 5.40. The small special cat-group we have constructed in this proof depends
on the choice of the representative a € Z3(G, A). So, for such a choice, we denote by
G(G, A, a) this cat-group.

Corollary 5.41. We have a bijection
0 : (ob%(CG))/ ~ <obf?f3> /e~
(6]  — [(Io(G), I1(G), a)]

where the equivalence relations ~ identify isomorphic objects and a is the Postnikov in-
variant of G.

Proof. We have already proved it is well-defined. It is injective by Sinh’s Theorem 5.38
and surjective by proposition 5.39.
O

We can actually do better. Indeed, we can compare the 2-category CG with another
one.

Definition 5.42. We construct here the 2-category H*:
e Objects are triples (G, A, a) where G is a group, A a G-module and a € Z3(G, A).
o l-cells (G, A,a) — (G', A’,d’) are triples (gg,e1,b) whereeg : G — G’ and ey : A — A’
are group morphisms such that €;(g - m) = eo(g) - e1(m) for all g € G and m € A

and b € C?(G, A') is such that d2(b) = &3(a’) — 27%(a) € Z3(G, A').

e There is no 2-cells (gg,e1,b) — (0,1, V) if 9 # € or e1 # €. Otherwise, 2-cells
(€0,€1,b) — (c0,€1,V') are elements ¢ € C1(G, A’) such that 61(c) =b—b'.

e Composition of (G, 4,a) 2", &', '\ G", 4", a") s
(m0g0, me1, (9,9') = B(2o(9), £0(g)) +mblg. g)).

* l(¢aa = (1g,14,0).

e Composition of (gg,e1,b) —— (0,1, V) <, (eg,e1,0") isc+ .

[ ] 1(60751’17) =0.

e Finally, if we have

(0,61,b) (m0,m1,8)
(G, A, a) c (G, A d) d (G", A" d"),
(50751’b/) (770a77176/)

we set d* c = deg + n1c.

It is only easy computations to check that this defines a 2-category.
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5.3. Classification of Cat-groups

Proposition 5.43. Let (g9,1,b) : (G, A,a) — (G, A’,a’) be a morphism in H3. Let also
F be the functor
F:G(G,Aa) — G(G' A" d)
g+ ¢ol9)

m (m)
g—"Lg — eo(g) == e0lg)

Fr =17 and ﬁ91792 = b(g1,g2) for all g1,go € G. Then, (F, Fy, F) is a special monoidal
functor. We denote it by G(eg, €1, b).

Proof. Fis natural, since, for all g¢; s g1 and go e g2 in G(G, A, a), we have
F(mi ®@mg) =e1(m1+ g1 -ma) =e1(m1) + e0(g1) - e1(ma) = F(my) @ F(mz).

Ij commutes with [ and r since b(1, g) = b(g,1) = 0 for all g € G. Eventually, the fact that
F' commutes with the associativity isomorphisms is exactly the equation

32(b) = &°(a') — &1°(a).

Let (eo,e1,b) —— (0,€1,’) be a 2-cell in H3. We can define

G(c) : G(eo,e1,b) = Gleo,€1,b)

by G(c)g : €0(g) A9 eo(g) for all g € G. It is a monoidal natural transformation since
d1(c) = b—1b'. We can easily see that this gives rise to a 2-functor

g: H? — SpCG < CG
(G,A,a) — G(G, A, a)
(€0,€1,b) — G(eo,€1,b)

c— G(c).

We now prove our last theorem.
Theorem 5.44. We have a biequivalence CG ~ H3.

Proof. By corollary 5.27, it is enough to prove H? ~ SpCG. We will use corollary 4.33
with the 2-functor G : H3> — SpCG. By definition, it is faithful on 2-cells. To see that G
is full on 2-cells, let
(20,61,b)
(G, A, a) (G' A, d)

/ / /
(60’51 7b )

be 1-cells in H3 and « : G(eg,€1,b) = G(gf), €}, ') be a monoidal natural transformation.
Thus, a4 : 9(9) —=¢f(g) for all g € G and so gy = ¢ since G(G', A',d’) is a special
cat-group. Moreover, since « is natural,
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5. Sinh’s Theorem

commutes for all m € A, which implies €1(m) = &{(m). Therefore, e; = £]. Now, it
remains to set c(g) = oy for all g € G and we have ¢ : (g9,21,b) — (gf,€},b) in H3
such that G(¢) = a. Indeed, ¢ € C*(G, A') and &1(c) = b — ¥’ since « is monoidal.

Now, we prove that G is essentially surjective on 1-cells. Let (G, A,a) and (G', A’,d’)
be two objects in H® and F : G(G, A,a) — G(G', A’,a’) be a special monoidal functor. By
naturality of ﬁ,

Fo1(91) 192

Flg) ® F((91)"g2) F(g1 @ ((91) " 92))

F(m)‘@lF((gl)lgwi o lF(m®1<gl>1g2)

F(g1) @ F((91)"'g2) = F(g1© ((91) " "92))

91-(91) " La2

commutes and so F( g —>g1) = F(go—">¢gs ) € A’ for all g;,g0 € G and m € A.
Hence, by proposition 5.43, (IIo(F),I11(F), (g1, 92) — ﬁglm) (G Aa) — (G A d) is

such that G(Ilo(F), 111 (F), (91, 92) — Fg,,4,) = F since F is special. So, G is essentially
surjective on 1-cells.

It remains to prove that G is essentially surjective on objects. Let G; be a small special
cat-group. We are going to prove that G(Ilo(G1),I11(G1), (X, Y, Z) = ax v,z ®@1(xyz)-1) is
isomorphic to G; in SpCG. Notice that (X, Y, Z) — axy,z ® 1(xyz)-1 is a representative
of the Postnikov invariant of G;. Let

(G,A,d) = (TIo(G1), T (G1), (X, Y, Z) = axy,z @ Lxyz)-1)-
To prove this isomorphism, it suffices to notice that the monoidal functor

F Gi — G(G,A,d)
X— X

XX —g®lya

with F; = 17 and Fyy = 1xgy for all X,Y € obG is the inverse in SpCG of
F': G(GAd)—G
X— X

II

with FI’ =17 and /};’X,y = lxgy for all X|Y € IIy(G1). To see that F and F' are natural,
we can notice that
909 =(goly)(1x®4)
=1y 1 @1xy)(Ix®¢d @ 1ly-1 @151 ® 1xy)
=((g®@1x-1)(X - (¢ ®1y-1)) @ 1xy

forall X—2~X and ¥ -%~Y in G and

(f ®gaa) [)@1lxy = (f+ X - f@lxy
=(folx®@ly)(lx® f®1ly-1®1lxy)
=(folx;@ly)(1;®lx® f ®@1y)
=felxef ly

66



5.3. Classification of Cat-groups

for all X L X and Y A Y in G(G, A,d’). Other properties to check are obvious.
Therefore, G; ~ G(G, A,a’) in SpCG and G is essentially surjective on objects.
0

This proof also describes the weak inverse F : CG — H? of G : H3 — SpCG — CG
on objects. Indeed, if Gy is a small cat-group, let Go be the small special cat-group given by
proposition 5.24. Let also a3 € Z3(I1o(G1),111(G1)) be any representative of the Postnikov
invariant of G; and as be the representative of the Postnikov invariant of Gy described in
definition 5.28. Since, by definition 5.29 and proposition 5.31

(Io(G1), 1(G1), [a1]) = (Ho(G2), I11(G2), [az])

in H3, then (Ilo(G1),111(G1),a1) ~ (Ip(Go),111(G2),az) in H3. The proofs of theorem
5.44 and proposition 5.27 tell us that (IIo(G2),111(G2), a2) satisfies the property of weak
essential surjectivity on objects of G for G;. But so does (Ilp(G1),111(G1),a1) and we can
define F(G1) by

F(G1) = (lp(G1), H1(G1), a1).

A. Joyal and R. Street in [7] and J. Baez and A. Lauda in [1] have given an other
definition of H3. Actually, it was the same as definition 5.42, but they have constructed
2-cells between (g9,1,b) and (ef, €/, b’), sometimes even if ¢y # ¢, or €1 # €}. However,
they have still claimed that H? ~ CG using the same 2-functor G. It would have mean that
there exists a monoidal natural transformation « : G(eg,1,b) = G(g(,€],’) even in some
cases where g # €, or €1 # ¢). But we have seen in the proof of theorem 5.44 that this

implies g9 = ¢, (by existence of morphisms ey(g) ey eo(g) ) and 1 = €] (by naturality
of a). Therefore, this essay gives a slight correction to their theorem by modifying the
2-category H3.
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6 Conclusion

After an introduction to monoidal categories (Chapter 2) and cat-groups (Chapter 3), the
aim of this essay was to prove Sinh’s Theorem, classifying cat-groups, which states that

I (ob%(CG))/:—) (ob.iﬁ)/:
6]+ [(To(9), 11(G), a)]

is a bijection (corollary 5.41). Moreover, we also wanted to deduce from it the biequivalence
CG ~ H? (theorem 5.44). For this purpose, we first had to present, in Chapter 4, a defi-
nition of biequivalence. We wanted it to be an actual equivalence relation on 2-categories
and to be characterised in terms of properties of a single pseudo-2-functor F' : C — D.
Then, we noticed we had to slightly change the definition of H? proposed by Joyal and
Street in |7] and Baez and Lauda in [1] in order to make this corollary correct.

Sinh’s Theorem and its corollary 5.44 have an important application in Group Theory:
Schreier’s Classical Theorem. This is a result about group extensions and more precisely
about obstruction. We refer the interested reader to [13] for more details.

Since they were introduced by P. Deligne, A. Frohlich and C. T. C. Wall, cat-groups
have been used in many subjects of Mathematics: Ring Theory, Algebraic Geometry, Group
Cohomology, Algebraic Topology, and so forth. Nowadays, cat-groups are still studied on
their own and inspire a lot of Mathematical researches.
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